BerynurensHast omumnuana. 04.08.2010

1. 3a KpyIJabIM CTOJIOM CHOAT 2n 4esJoBeK: n (PUIWKOB U 1 XAMUKOB, IPUYEM HEKOTOPHBIE W3 HUX BCETIA TOBOPAT
mpaBiy, & OcTaJbHBIE Beerga JTYT. 3BecTHO, 9TO KOIUYIECTBO XUMUKOB-JIZKEIOB PABHO KOJHUYIECTBY (DI3UKOB-JIZKEIOB.
Pa Bompoc: “Kto Barr cocen cipapa?’ Bce CHOAIIRE 3a CTOJOM OTBeTHAN: “XuMuk”’ . [JokaxmuTe, ITO N IeTHO.

2. Kakoe maubosibiiiee 3Ha9€HTE MOXKET UMETH PA3HOCTH apudMETHIECKON MPOrPeCcCul, CPEIN YIEHOB KOTOPO# eCTh
qHCTIa 11—1, 11—3, 11—77

3. PaccMoTpuM Bce BO3MOKHBIE HAGOPHI YKCes W3 MHOKecTBa {1,2,...,n}, He comepKaliue JABYX COCEIHUX YUCEI.
JokazknTe, 9T0 CyMMa KBaJIpaToB POU3BEIEHUN Ynces B »Tux Habopax pasra (n+ 1)1 — 1.

4. MoxHo Ju KBaJpaT paspesaTh Ha paBHOOEIpEHHBIE TPEYTOIBHUKHA ¢ YIJIOM TIPH ocHOBaHUU 7H°7

5. Be okpyxuoctu ¢ meaTpamu 01 u Oy nepecekarorcsa B Toukax A u B. OKpyKHOCTH, TPOXOAAIIAA IePE3 TOUKH
01, B u Oy nepecekaer BTOpyIo OKPYZKHOCTH Takke u B Touke P. [loxkaxure, aro Touku O, A w P jexar Ha omHOM
HpAMOIL.

6. B aswike maemenn Tpy-ssa-sig ciaoBo — mobad mocimenoBareabHOCTh n3 10 mHyseit u egurmm. CioBa cauTarOTCa
CHHOHUMAMI, €CJIH OJHO MOYKHO TOJIYIUTh W3 APYTOro cepueil CIenyonmux omepalnii: MOXKHO B3ATh HECKOJIBKO MOIPA/T
CTOAMMX MUPP ¢ IETHONW CYMMOI U TOCTABUTH HA TO JKE MECTO B 0OpaTHOM mopaAmake. CKOJBKO B 9TOM A3BIKE PA3THIHBIX
IO CMBICITY CJIOB7

7. Hanm tpeyronsauk ABC'. Cepemunnniii mepnennukyiaap Kk AC mepecekaer cropony BC B Touke D. Ppamas,
napaJsnenbiad AD, nepecekaer cropony AC' B Touke F, a npamyio AB B touke F'. Otpesku BE n AD mepecexarorcs
B Touke (G. Hokamxmure, uto AC — buccektpuca yriaa FCG.

8. k — marypambHoe umcno. PocienoparenbHOCTD {a, } 3amana yegosuamu a; = k + 1,a,41 = a2 — ka, + k npn
Bcex n > 1. [Jokaxkure, 4To JI00bIe IBa PA3/IMYHBIX YeHA 3TOR IMOCTIENI0BATENBHOCTI B3AUMHO MPOCTHI.

Cepus 1: HeuTO cpenHee Mek Ty QYHKIHUOHATIBHBIMA yPABHEHUIMHU U KOMOMHATOPHOU reoMeTpuei.

1. Paiinute Bce dyHKIMN ne0r0 apryMenTa f(X), KOTOpbIe TPH JIOOHIX MEJBIX £ U Y YAOBJETBOPAIOT COOTHOMIEHUIO
f@+y)+ fle—y) = f(32).

2. Cymecrsyer au bynkuus f : R — R, ynosiersopstonas ajs beex * € R nepasenctsy f(z?) — (f(z))? > 1/4 n
He TPUHUMAaIad HIKaKoe 3HadeHne Hojee 4eM B oHOM Touke?

3. Hokaxute, 4ro ecan GyHkimua R — R ynosseTBopseT i Beex «,y € R HepasenctBaM f(z) < 2, f(x +y) <
f(z) + f(y), 1o cupaBenmuBo ToxkaecTBo f(2) =, v € R.

4. Pafinure Bce dyukmmn a) f : 7 — Z, 6) [ : Q@ = Q, ynosaeropsatomue yciaosnio f(1) = 2 u TommecTBy
fley) = f(o)fly) — fle +y) + 1 npu Beex & u y.

5. Orypuosas peka, mporekamoiiad B LIBeTouHoM ropose, B palioHe IPUCTaHW MMEET HECKOJIBKO OCTPOBOB, OOIImi
MePUMETDP KOTOPBIX PaBeH 8 MeTpaM. 3HallKa yTBEPIKIAET, 9TO MOKHO OTIAIATE HA JIOAKE OT IPUCTAHN U TEPEMPABATHCA
Ha Apyroil Geper, TPOIJIBIB MeHee 3 MeTpoB. Pepera pekum B paiioHe MprcTaHW NapaJiIebHBI, a MHAPHHA €€ paBHa | M.
Ppas au 3Bnaitka?

6. B xBagpate co ctoponoii 15 pacmnosoxeno 20 momapHO HelepeceKaloMuXca KBaApPaTUKOB co cToporoit 1. [lo-
KazKuTe, 9T0 B OOJBIIOM KBaJpaTe MOIKHO PasMECTUTh KPYT paamyca | Tak, 9TOOBI OH HE MepeceKkajicda HU C OIHUM W3
KBaIPATUKOB.

7. IlokaxkuTe, 9TO W3 OOUHAKOBBIX IJINTOK, HMEOINX (HOPMY PaBHODEIPEHHBIX Tpaleluili ¢ OCHOBAHMAMEI 3 cM, |
CM U BBICOTOH | cM, HEJIB3A COCTABUTH MPAMOYTOIBHUK.

8. B xkBagpate co croponoit 50 pacnonoxena gomanasa. [lokazuTe, 9T0 eciidm PACCTOAHNE OT JIIOOOH TOUKH KBAIPaTa
XOTs OBl J0 ONHONW TOYKH JIOMaHo#i He HoJiblne 1, To AamHa JoMaHoi bobiie 1248.

Cepus 2: mocTaBUM KOMOMHATOPHYIO reOMETPUIO HA COJMIHY IO Dasy!

1. Pa nmockoctn ormernnn 4000 Todek, HIKaKWe 3 U3 KOTOPHIX He JieKaT Ha ogHol mpaMoit. /lokaxKuTe, 9T0 MOKHO
noctpouTh 1000 HemepeceKaNMKCA TeTHPEXYTOTBHIKOB (BO3MOKHO, HEBBIMYKJ/IBIX) ¢ BEPIIMHAMH B 9THX TOYKAaX.

2. PaccMoTpuM Bce TpeyroJibHUKHU ¢ BepiinmHaMu B BepinmHax BeimyKiaoro 2000-yrompauka. [loxazxkmnre, aro mobad
TOYKa, HE JieKalllad Ha CTOPOHAX TPEYTOJIBHUKOB, TOKPBITA YETHBIM YHCJIIOM TPEYTOJIBHUKOB.

3. TpeyroabHUK paspesaH Ha HECKOJIBKO BBIMYKJIBIX MHOTOYTOJBHUKOB. JloKakWuTe, YTO CPENN HUX MOXKHO HailThm
0O TPEYTOJBHUK, JUOO IBA MHOTOYTOJIBHUKA C OMMHAKOBBIM YHCJIOM CTOPOH.

4. JlokazKuTe, 4TO

a) IpH TPOCTOM p > 2 1—1—%—1—%—1—... ﬁEO (mod p);

6) (Teopema Bosbcrenxonbma, 1862) npm mpoctom p >3 1444144 ... ﬁ =0 (mod p?).

5. Paiimure Bce mapsl (p,¢) MPOCTHIX YHCes Takwe, 9To dncyo 2P — 1 meqnTcs Ha ¢, M CPEOM TPOCTHIX dennTeseli
qnciaa ¢ — 1 UMelTca TOJBKO uncaa 2, 3, 5 u 7.

6. Paiimure xoT# 6B oy mapy mesex umcedn (,y) Takyio, ato wmesao (z +y)’ — x’ — y’ mesmres ma 77, a umcso
(x 4+ y)xy wHe gemurcs Ha 7.

7. HJokaykuTe, 9TO B BBIMYKJIOM 2n-yroJbHUKE HAlIeTCA IUaroHab, He MapaJijiejlbHad HU OTHON U3 CTODOH.

8. llects KpyroB uMeroT 0bIIy0 TOUKY. [lokaxkuTe, 9T0 XOTA OBI OIUH U3 HUX COIEPIKUT IEHTP HEKOTOPOTO JPYTOro

KpyTa.

Cepus 3, ¢ MHOTOYJI€HAMMU.
1. Beruersl a w b npuwHaIIeKAT K MoKa3aTeaaM k 1 [ o TPOCTOMY MOZIYJIIO P.
a) Hokamxure, 910 ecau (k,!{) = 1, To ab npunamiexnT K noKasaTeio kl.
6) BepHo s, uto npu 06X k u | BedeT ab mpuHamIEKNT K oKkasarerio [k, {]7



2. a) Hokaxure, uro 2?1 —1 = (x —1)(x—2)...(x —(p—1)) (mod p) (umeercsa B BUIYy COBNAJEHHE MHOIOUIEHOB
modp, To ecTh TO, 9TO COOTBETCTBYIOIINE KO3 PUITMEHTH JIEBOI W MpaBoil YacTeii cpaBHUMBI modp.

6) BeiBenuTe u3 yTBEpKAEHNA M.a) TeopeMy Bunbcona: (p— 1)1 = —1 (mod p) mpu mpocrom p.

3. Hucno 76 obmagaeT cAEIYONINM CBOCTBOM: TOCIENHNE ABe TTHMPHI THCIa 762 = 5776 maioT cHoBa 76.

a) Paiinure Bce TpexsHauHble uncaa A Takue, y KOTOpbix nociennne Tpu nudpsl yncaa A% cocrapisior yucio A.

6) CymectByeT n HecKOHEUHAA MOCTETOBATENBHOCTE UMD dg, a1, Gz, ...TaKad, 9TO A J0GOro n KBagpaT 3a-

[ACBIBAEMOTO MU GHCIIA G Gp—1 - - - G201 Gy OKAHIMBAETCH MHMPAMI ~. . GnGp_1 ... dzd100¢ (OdeBunnble oTBeTH ag = 0
wim 1, a; = 0 mpw ¢ > 1 uckiarogaeM). PpoBennte mosiHOE NCCTIEAOBAHNE.

4. JlokaxkuTe, 9T0 Jid KaXkKIOM HATYPAJIBLHOM 7 > m = n, Te CYMMUPOBAHNE BEAETCA IO BCEM

161 <i2<...<ip<n

BO3MOXKHBIM HabopaMm uucen i < iy < ... <ig, k=1,2 ... n, us mHOKecTBa {1;2;...;n}.

5. PaiinuTe Bce Takme a u b, Ipu KoTopkx MEorower z* 4+ 23 4+ 222 4 ax + b ABNdeTcA HOMHBIM KBaIPaTOM.

6. MHOXKeCTBO MMEJIBIX YHUCENT TAKOBO, YTO PA3HOCTH JBYX JIIOOBIX YHCEN W3 PTOTO MHOKECTBA TAKK€e TPUHAILIEKIT
emy. OmnuimTe Bce TaKue MHOYKECTBA.

7. Paiinure kosdbdumuents: mpu 27 u 28 noce packpeTusa ckobOK 1 MPUBEIEHNA TOIOOHEIX YICHOB B BHIPAIKCHIN
(27 + 25 + 1)20.

8. ¥ kaxoro us muorowienos (1 + 2% — 23)1000 y (1 — 22 + 23)1990 Gonpummit kKoapdpunuent npu 2?07

Cepus 4(b): ...n koMOuHaTOpHAs TeOMETPHsI

1. Ppu Kakux n MHOTOYJIEH 22" 4+ 2™ 4+ 1 pmenwres Ha @2 4+ ¢ 4+ 17

2. HNokaxwure, uro Muorounen (z? — x + 1)1 + (22 4+ z 4+ 1)1°° ne conepxkur HeveTHBIX cTeneneii x.

3. Hokaxute, uto MHOoroueH 42'9%Y 43 Hemb3 4 IpeAcTaBUTE B BUIe CyMMEI KBaIPATOB TPeX MHOTOWICHOB ¢ IeJIBIMI
KOapDUITHEHTAMM.

4. P(x) u Q(z) — MHOTOU/IEHBI ¢ NeficTBUTenbHBIME Koaddunnentamu. UspectHo, uto muorounen P(2?) + 2Q(z?)
nenutes Ha 2 — 1. [Tokaxute, uto P(z) u Q(x) oba nensrcs na r — 1.

5. a, b, ¢, d — marypaababsie dncia, ab = cd.

a) JToKasKuTe, 9TO CYUIECTBYIOT HATypasbHBIE YHCIIA U1, U1, Ug, Uz, AJIA KOTOPHIX G = U1y, b = Usvs, ¢ = ujts,
d= V1V2.

6) Hokaxure, 910 4ncyio « + b+ ¢ + d — cocraBHOe.

6. Ham MmHOrOWIeH F' ¢ medabiMu KosduimeHTaMn Takoii, ITo F(2) OenuTcd Ha TATh, a F(5) JeJIUTCA Ha OBa.
Hoxazxknre, uro F(7) nemurcsa wa 10.

7. B HEKOTOpPOM Jiecy paccTOAHUE MEKIY JIIOOBIME ABYMs JIEPEBLAMU He MPEBOCXOAWT PAsHOCTH WX BBICOT. Bce
JIepeBba UMEOT BhIcOTY He boistee 100 m. [lokaxure, 910 jgec MoxkHO obHecTH 3abopoM miuroi 200 M.

8. Pa kourpecc cobpayuch yueHbie, Cpean KOTOPHIX eCTh Apy3bsa. OKazajiock, 9TO JOObE ABA W3 HUX, UMEIOIIHE
Ha KOHTpecce paBHOE YHCJIO JApy3eil, He uMeoT obumx apy3eit. [lokasaTh, 9To HalieTcs yIeHblld, KOTOPBI HMeeT pOBHO
OJTHOTO JApyTa W3 YHCJia yIACTHUKOB KOHT'pecca.

9. Pa miockocTu JaHO HECKOJIBKO BBIMYKJIBIX MHOTOYTOJBHUKOB, KaXkK/ble JBa M3 KOTOPBIX UMEOT ODIIYI0 TOYKY.
IokaxkuTe, 9TO CyNIECTBYET MpAMasd, KOTOpas MepeceKaeT BCe 3TH MHOTOYTONBHUKH.

Cepus 5(b): MHOroOWIeHbI HECKOJIILKHUX EPEMEHHBIX U elle 4y Th-ayTh KT\
1. BemectBentnie uncia a, b, ¢ TakoBel, 9T0 @ + b+ ¢ > 0, ab + ac + be > 0, abe > 0. Hokaxwute, a0 yncia a, b, ¢
MTOJTIOKUTETHHBI.
2. Ilokaxute, 4To MHOTOUIEH (& + y + 2)333 — 2333 — 333 _ 2333 jenurcs na (v +y +2)% — 23 — % — 23,
3. a) Paiinure HaumMeHblllee BO3MOXKHOe 3HaueHHe MHorouteHa P(x,y) = 4 + x?y* + zty? — 322y?.

6) ,ZLOK&}KI/ITG, YTO 3TOT MHOT'OYJICH HEJb3d IPpEACTaBUTL B BUOEC CYMMEBI KBaAPaTOB MHOTOYJICHOB OT NEPEMEHHBIX X,

4. HokaxkwuTe, 9TO MPOCTOE UUCIO HE MOZKET IBYMHA PA3IUIHBIMA CIIOCODAME TMPENCTABIATHCA B BUIE CYMMBI IBYX
KBaIPaTOB.

5. Hokaxmute, 94T0 10601 BBIMYKJIIBIT MHOTOYTOJIBHUK, OTJIWYHBIR OT MapaJjiiesorpaMMa, MOKHO TOMECTHTE B TPe-
YTOJBHUK, 06Pa30BAHHBIN TTPOAOIKEHNAMHI €TO CTOPOH.

6. B kBagpar 1 X 1 nomerneH BBIIYKJIBIE MHOIOYTOJIBHUK TLIOMaMM, Gombined 1/2. JlokaxuTe, 4To OH COAEPKUT
IEHTP KBaIpaTa.

7. HokaxwuTe, 9T0 B JIOOOM KOHEYHOM MHOZXKECTBE TOUYEK IJIOCKOCTH HalifeTcsd ToUKa, y KOTOpoi He Hojiee Tpex
O6anKAlIInX Cpean TOYEK TOTO MHOKECTBA.

8. Ksagpatr 1 X 1 mOKpHIT KBaApaTaMHu CO CTOPOHAMU, MapaslIeTbHBEIMI ero cTopoHaM. JlokaXwnTe, 9TO W3 HUX
MOYKHO BBIODATH HECKOJIBKO HellepeceKaloluXcs KBAAPaToOB, BMeCTe OKPHIBAIOIINX IJIOMAIL He MeHee 1/9.

Cepus 6, ¢ »JIeMEeHTaMHM Ir'eOMeTPHYIECKHX HepaBeHCTB
1. Pycrs f(x) € R[#] — mHOTOWNEH Haz KoabioM R. Pasmoxum muorousnen f(z 4+ h) € R[x, h] no crenenam h:
flx+h) = f(z) + hfi(z) + K2 f2(x) + ..., wm f(xz + h) = f(z) + hfi(z) (mod h?). IIpoussodnas muorousnena f(r)
(obosnagaerca f'(x)) — »sro muOTOUwNeH fi(x). Hokamure, uto a) (f + g) = f' +4¢'; 6) (fg9) = f'g+ f¢'; B) ecom

n n
f(z) = > apz®, o f'(z) = 3 karz*~1; 1) ecim o — xKopens MHOTOUsIEHA f KpaTHOCTH k, TO o — KOpeHb f' KpaTHOCTH
k=0 k=0

He menee k — 1.
2. Jokasarh, 4TO MHOTOYJIEH &
TOJIBKO & W OT OJHOTO TOJBKO y, T.e. B Bune f(x) - g(y).

200, y200 + 1 Heab3sa IpeaAcTaBUTh B BUIE IIPpOU3BEACHNA MHOTOYJIECHOB OT OJHOTO



3. Pyctb P(#,y) — MHOTOUJIEH IBYX HepeMeHHBIX. V3BeCTHO, 4TO

a) IJiA JIOOBIX &, y U z uMeeM Pz + z,y + z) = P(x,y);

6) noa mobeix © u y umeeM Pz +1,y+ 1) = P(x,y).

JokaznTe, 9T0 CYIIECTBYET TaKOW MHOTOUIEH OTHON TepeMeHHON (Q(z), ITO mJid JNIOOBIX & W Y BHIIOIHAETCA Da-
BercTBO P(2,y) = Q(z — y).

4. Paitoute Bce k, IJIA KOTOPBIX MHOTOWICH 3+ y3 + 25— kxyz menutcs Ha x4+ y + Z.

5. B tabmmmy n X n sammcaHbl n’ €mces, cyMMa KOTOPHX HeOoTpHIATedbHa. [{oKalKHTe, 9TO MOIKHO IMepPecTaBHThH
CTOJIBIBL TaK, YTO CYMMa YHCEST [0 NUATOHAJM, WAYIIEl U3 JEeBOTO HUIKHETO YIJla B MPaBhiii BEpXHUU, OyIeT HeoTpuia-
TeJbHA.

6. M u N — cepenunsnt cropon AB u C'D Breinykjoro detsipexyronbauka ABC' D. okaxkure, ato M N < %(BC’ +
AD).

7. Pa GeckoHETHOM KJIETYATOM JIHCTE CO CTOPOHOM KyeTku 1 mocTpoen TpeyroibHuk ABC ¢ BepuimHAME B y3JaX.
Hoxaxure, uro ecnu AB > AC, 10 AB — AC > 1/P, tne P — nepumerp tpeyrosnbuuka ABC'.

8. PaBHOCTOpOHHUI TPEYTONBHUK CO CTOPOHOR 2 MOKPHIT MATHIO MEHBITUME PABHBIMI PABHOCTOPOHHUMHE TPEYTOIb-
Hukamu. JlokaxuTe, 9T0 UX CTOPOHBI HE MeHbIIE 1.

Cepus 7(b), ¢ nupasuiiom KpaiiHero.

1. Hokaskure, 9To MHOTOUEH P (&) cTemenn n, MpuHUMAONNH Hejble 3Hadennd npu ¢ = 0,1, ..., n, IpuHIMaeT
IeJble 3HAYeHHA IPH BCEX IEeJBIX &.

2. Muorounen P(z) = apx” +. ..+ ap IPHHUMAET TeJIble 3HAYEHNA TPH BCeX MebX #. [JokaxkuTe, 9T0 nlay, — mesoe
YUCJIO.

3. Peumnre B nesbix 4ncyiax ypasHenue (a + b\/§)4 + (c+ d\/§)4 =1++/3.

4. a) Tpexunen ax? 4+ bx + ¢ Ipu Bcex NeJBIX & ABAAETCA YeTBepTOll CTeleHblo Iesoro uncia. Jlokaxure, 4To
a=b=0.

6) Tpexunen ax? + bx + ¢ Ipu Beex NEJBIX T ABJIAETCA TOYHBIM KBaJpaToM. [lokasarh, uro torma ax? 4+ br + ¢ =
(dz + e)?.

5. Pa 6eckoneuHOll KaeT49aToil IJI0CKOCTH HEKOTOPEIE KJIeTKH 3aKpallleHbl B 3eJ1eHblil nBeT. Jlokaxure, 9To HaligeTca
KJIETKA, Y KOTOPOil  a) He BoJtee 2 3eJIEHBIX COCETHUX KIETOK, NMEINX ¢ Heil ob1yio ctopony;  6) He Gostee 4 3esIeHBIX
COCETHMX KJIETOK, HMEIOIINX ¢ Hell XOTs OB OOHY ODLIYIO TOYKY.

6. Pa mIockocTn pacloiozkKeHkl 77 TOYeK TaK, 9TO JI060i TPeyroJbHUK ¢ BEPIIMHAMHE B 3THX TOYKaX HMeET ILIOWalhb
He GoJbme 1. JokazkuTe, 9TO BCe 9TH TOYKH MOJKHO IMOMECTHTDL B TPEyTOJIbLHUK ILIOMAIH 4.

7. PpaMoyroabHad TabJInIa W3 M CTPOK U 1 CTOJIOIOB 3aloJHeHa YUcJaMi. P epecTaBuM 4mc/ia B KazKI0i CTpoKe B
HnopAIKe Bo3pacTaHnA. [loKaKuTe, 9TO eCJIH IOCJIE 9TOT0 MEePeCTAaBUTh YUCa B KasKIOM CTOJOINE B IOPAIKE BO3paCTAHMA,
TO B KazxKIoil cTpoKe oHH 6YAYT MO-IpeXKHEMY CTOATH B IOpsAAKe BO3pacTaHUs.

8. Pa GeckomewynoMm JmcTe Kjerdaroil 6ymarn N KJIeTOK BEIKPAIIEHO B YepHBIN mpeT. J[oKakKHTe, 9TO W3 JIMCTA
MOZKHO BEIpE3aTh KOHEYIHOE YUCJIO KBAIPaTOB TaK, YTO OYIyT BHIIOJIHEHE OBA YCJIOBH:

1) Bce "epHBble KJIETKH OYIYT JI€KATh B BEIPE3AHHBIX KBaJApaTax;

1 4

2) B JIIOGOM BBIpe3aHHOM KBaaparTe K ILIoIadb TePHBIX KJIETOK COCTABUT HE MeHee £ W HE GoJiee £ TUTOIIAIN K.

Cepus 8(b): maliiure Ha KapTUHKE KOMILUIEKCHEBIE THCJIA.

1. a) HokaxuTe, 910 MHOTOUMEH P, (2) = ﬂx—_l%x_—"-"ll OPUHEMAET LeJIble 3HaYeHUA IIPH BCeX IEJIbIX .

6) Hokaxwure, 910 MHOTOUWIEH P(2) = ¢y Pp(®) + cne1Po—1(®) + ... + coPo(x), tae co,c1,. .., ¢ — HesIble 9HCTA,
OPUHEMAET LeJIble 3HaYeHUA IIPH BCeX IEJIbIX .

B) /lokaxure, 9T0 Beakmil MHOTOMWIIEH () CTENeHn 1, TPUHAMAIONINIT [e/Tble 3HAYEHNA MPU BCEX MEJIbIX &, MOKHO
upencTaBuTh B Buje P(x) = ¢, Po(#) + cno1Poo1(2) + ... 4 co Po(2), e eg, cq, . .., ¢p — HeJIblE 9HCTA.

r) okaxute, 910 MHOTOUNEH P(x) cTenmeHm n, TpuHAMaOmHH nesble 3Havennsa npu ¢ = 0,1,.. ., n, npuaAMaeT
HeNble 3Ha9eHUA NIPH BCeX IEJIBIX .

n) lokaxure, 9T0 MHOTOYIICH P () CTENEHN N, MPUHUMAIONINI TeJIble 3HAMEHUA B 1 + | TOCIemOBATEBHBIX MEJIBIX
TOYKaX, IPUHUMAET IIe/Ible 3HAYCHHA IPH BCEX HMEJBIX &.

2. Muorounen P(x) nMmeer xoTsa OBl onnH KOpeHb, a MHorowien P(P(z)) — mer. lokaxkwure, uTo Bce KopHu P(x)
OIHOTO 3HAKA.

3. Todkm, cOOTBETCTBYIONINE KOMILUIEKCHBIM YHCIAM 21, 23, ..., Zp JI€ZKAT B BEPUIMHAX BBILYKJOTO N-YrOJALHHKA.
JloKasKuTe, 9TO eCIIM CBA3AHB COOTHOMEHNEM +—— + 221_6 4.+ an_c = 0, To TOYKa € JICKUT BHYTPH 5TOrO N-YTOJILHHUKA.
4. Pemmre cucreMy ypaBHEHWIT T + ;’fT_ny =3, y- ;;_'I_Sny =

5. Pemmnre cucTeMy ypaBHEHHI COs & + COS i = COS v, sl & + sin y = sin a.

6. BBIIYKJIENI MHOTOYTOTBHUK ¢ ILIONIanblo S COmepKUTCA B KBaIpaTe ¢ IIomanbio a’. [oKaKHTe, ITO BHYTDH
MHOTOYTOJIEHIKA MOKHO TIOMECTHTE OTPe30K JJUHBL S/a.

7. Bomykaetil 17-yroabHEK pastuT JuaroHa saMH Ha MeHBIIME MHOTOYTOJLHAKH. KKakoe Hambo/Ibllee YUCIO CTOPOH
MOJKET 0Ka3aThCA Y MHOTOYTOJIbHIKA pasbueHms?

8. PepuMeTp BBIIYKJIOTO 9eThIpEXyroJabHuKa pabeH 4. JoKakmuTe, 94To ero Iomans He Gobie 1.

Cepus 9(b), npo cymMbl KBaIpaToB
1. Pemmnre cpasrerne z% + 2% + 22 + 2 +1=0 (mod 1987).
2. ParypanbHBle UHCIOA X, Y I 2 TaKOBBI, 970 £y = z° + 1. JIoKaxKuTe, UTO CyMecTBYIOT Iejble Tucaa a, b, ¢ m d
rakne, uto £ = aZ + 6%, y=c? +d* n z = ac + bd.



3. Pemmnre B memBIX THciax ypaBHeHHe 12 + 4 = y°.
4. a) Pycts N — mesoe panmoHagbHOe 9ncyio. JJoKaKuTe, 9TO €10 pasiioKeHne Ha MPOCTBIE TayCCOBBI MHOMKHUTEN
HMEET BUJL
N =pips.. . pemiT1T2Ts ... TTy,

THe pP1, P2, ..., Pk — OeJbe palioHaJbHBIE POCTHIE, & T U 711, Mo U T3, ..., 7] U T — Haphl KOMIIJIEKCHO CONMPAKEHHBIX
MPOCTHIX TAYCCOBBIX UHCEI.

6) HokaxuTe, 9T0 PAIHOHAIBHOE IPOCTOE YNCIO Buaa 4k + 3 ABnAeTca MpocTHIM 1 B Z[i].

B) JloKasKkuTe, 9T0 M4 JIIOOOTO PAlMOHAIBHOTO MPOCTOTO Yucia p Buda 4k + 1 cyliecTByeT rayccoBO UHCIO &, HE
KpaTHoe p U Takoe, 9To N« JeJuTCA Ha P.

r) JToKaskuTe, 9T0 pannoHaJbLHOE TPOCToe TUCIo Buma 4k + 1 packiamgpiBacTCA B MPOUSBEIEHNE IBYX KOMILIEKCHO
CONPAKEHHBIX TPOCTHIX TayCCOBBIX THCET: P = 7M.

1) HokaxuTe, 9TO HATYPaJIbHOE YHCIO HPEICTABJIAETCA B BUIE CYMMBI IBYX KBaJIpaTOB TOTHA W TOJBKO TOTHA,
KOI/la BCe MPOCTHIE YUCaa Buaa 4k + 3 BXOIAT B €0 pasokKeHNe Ha MPOCThie MHOKHUTEIN B YeTHBIX CTEIEHAX.

e) JTokasKuTe, IT0 INCSI0 PElleHnii ypaBHeHN A % + y?> = N B IeJIbIX YMCIaX PABHO YUETBEPEHHON Pa3sHOCTH KOJIH-
gecTBa gejmuresaeit N suna 4k + 1 u xonudecrsa nenureseit N suna 4k + 3 (B JaCcTHOCTH, 3TO O3HATAET, UTO KOJIUIECTBO
HEPBBIX BCETNA HE MEHBIIIE KOJTHIECTBA BTOPBIX).

5. N3 yrima npamMoyToJibHOTO OMIINapaa ¢ MeJBIME CTOPOHAMU MYIIEH Iap 1Mo 6ucceKTpuce sToro yriaa. JdokaxmuTe,
YTO TMOCTIE HECKOJIBKUX OTparkeHnii (o 3aKoHy ”yTosl MaJeHnA paBeH yIVIy oTpajkeHnda” ) Map CHOBA MOMAIeT B OINH W3
VIJIOB OUIIIHApIa.

6. B xaeTkax TabamIsl n X n paccTaBieHB Jaabu. V3BecTHO, 9TO, ec/iM Ha KaKoii-HHOYIb KJIETKe JIaJIbl HET, TO Ha
KJIETKAX, CTOANINX 1O BEPTUKAJIN 1 MO TOPU3OHTAIN, KOTOPHIE COMEPIKAT 3Ty KJIETKY, CTOUT (BCEro) He MeHee n Jajeii.
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Hokazxute, 9To oblee IucIo Jageit B Tabinie He MeHee "7
7. PpaBuibHBI HIeCTHYTONBHUK pasouT Ha N paBHOBEHKHX TapaJsiesorpaMMoB. lokaxuTe, aro N meanTcs Ha 3.
8. Crekio nMmeer dpopMmy KBampaTa mimomann 1. Pa obenmx cropoHax »Toro crekJsa HapHCOBAHBI KapThl, O MATH
cTpaH Ha Kaxmoil Kapre. CTpaHBbI Ha OZHOI CTOPOHE CTeKJa 3aKpallleHBl MATHIO pa3IHIHBIME KpacKaMmu. 1pebyercs
3aKpacUTh CTPAHBI HA MPOTHBOMOIOKHON CTOPOHE CTEKJIA TEMU Ke MATHIO KPACKaMU Tak, YTOOBI: a) pasHBIE CTPaHbI
OBLIH 3aKPAIIEHBl PA3HBIMI KpackaMu; 6) obiiad MIolanb yIacTKOB CTEKJIa, OKPAIIEHHBIX ¢ 0OEHX CTOPOH B OIMH IBET,

Oblia e Menbine 1/5. Beerma mau 910 MOXKHO cenarh?

Cepus 10(b), undopmarusuas

1. a) Penterka, ABIAOMAACA TOAMHOKECTBOM PENIETKH BCEX BEKTOPOB ¢ MEIBIMI KOOPAMHATAMH, BMECTE C KaJKIBIM
CBOMM BEKTODOM COJEPIKUT BEKTOpP, NEPNEHANKYIAPHBIN eMy W paBHBIA emy 1o ajwHe. JloKaskuTe, 9TO 3Ta penreTKa
nogo6Ha peleTKe BCeX NeJOTUCIeHHBIX BEKTOPOB.

6) ¥ pemreTku A, OCHOBHBIM Mapa/iie;JOrPAMMOM KOTOPOI ABIAETC TPAMOYTOTLHEK | X /5, BRIGpasm mojipemeTky,
KOTOpasA BMeCTe C KasKJIBIM CBOMM BEKTOPOM COIEPKHT BEKTOD, IePIEeHINKYIAPHBIA eMy 1 IIPeBOCXOMAIINIT ero 1Mo JInHe
B /5 pas. BepHo s, 9To »Ta mogpemeTKa Mogo6HA NCXOTHOMN peleTKe?

2. Pycth p > 2 — mpoctoe uncio. Benmauny D = b? —4ac MBI HazoBeM JUCKPUMUHAHMOM CPaBHEHHA ax’ +bx+c =0
(mod p). HokaznTe, 9T0 9TO CpaBHEHUE

a) upu D =0 (mod p) nMeeT eqWHCTBEHHBIH KOpeHD (IBOHHOI);

6) mpu (%) = 1 uMeeT ABa Pa3IUIHBIX KOPHA, & MPH (%) = —1 He WMeeT KOpHEIL.

3. Hokaxmure, uto cpabHetue x> = @ (mod p) Hmpu MPoCTOM p U @, He KPATHOM p

a) umeeT 0 wim 3 penrenns, ecian p uMeer Bug 6k + 1;

6) umeet 1 perenne, ecan p uMmeet Bug 6k + 5.

4. Ilokaxkure, 9TO MpOCTHIX yuces Buga 6k + 1 GeckoHEYHO MHOTO.

5. Pycts p = 8k + 1 — mpocToe uucio. [lokaxkure, 9T0:

a)2-4-6-8-...-8k = (—1)%(4k)! (mod p);

6) 2 — KBagpaTu9HBI BEdeT modp.

6. A — meueTHoe wncso, X u Y — KOpHH ypaBHeHHA t2 + At — 1 = (. JloKaxuTe, 970 IpH M0H60M HATyPaTbHOM k
XF 4+ Vk g Xkt 4 VE+L _ nepre BsamMHuO MPOCThIE YUCJIA.

7. Topon Curmarpam umeer dpopMy KBagpara CO CTOPOHON H KM. VYJIHIBI AeJIAT €r0 HA KBAPTAJIBI, ABJIAIONIAECH
kBagpaTamu co croporoit 200 M. Kakyo HaumbCoIbIIyo TIIOMAIh MOKHO 00OWTH, Tpoliida Mo yauinaMm 3Toro ropoaa 10 kM
1 BEPHYBIIUCH B UCXOTHYIO TOUKY?

8. Kakoe mambosibillee KOJTMIECTBO TOUEK MOZKHO PACCTABUTH Ha OTPE3Ke MJIMHBI | Tak, 9TOOBI Ha JIIOOOM OTpE3Ke
mmEe d okasasock He Gomee 1000d% 4+ 1 Touek?

9. Kaxpgas BepuinHa NpAMOYTOIbHUKA P MOKPBITA TPAMOYTOIBHOM caadeTKol co cTOpoHaME, TAPaJIIeTbHBIMI CTO-
poram P. Jliobeie gBe w3 31UX cadeTok nepekpruiBatoTca. Jokaxure, 4To caadeTKn MOKPBIBAIOT BECh TPAMOYTOJIBHIK

P.

Cepus 11(b): nHeGoubiias mobaBouHas
1. Pyctb a, b, ¢, d — Takwe 1esble 9UCa, 9TO CUCTEMa ypaBHEHU ax + by = m, cx + dy = n npw JT00BIX METBIX m
U N UMeeT PellleHre B Mesbix anciax. Jokaxure, aro ad — be = +1.
M < /2 (m u n - sarypanbHble yncia). Jokaxure, uto 2 < /2 (1 — 715).
3. B BBINYKJIOM HIECTHYTOJBHUKE BCE YIJIBI PaBHBL. [TOKajKUTe, YTO PA3sHOCTH HPOTHBOIOJOKHBIX CTOPOH TaKOTO
IIECTHYTOJNBHAKA DABHBI MEKIY COGOiL.



4. JlaH BRITYKJBIH TATHYTOTBHUK, BCE YTIIBI KOTOPOTO TyIble. JloKaKnuTe, 9TO B HEM HAWAYTCA NBe TaKWe TUATOHAJM,
4TO KPYT'H, MOCTPOEHHBIE Ha HUX KaK Ha JMaMeTpax, MOJHOCTBHIO MOKPOIOT MATHYTOIBHUK.



