Bamaan C.-Ilerepbyprckoit jgernen mkosbl 2008 r., crapiiast rpynna B
BerynurensHast omumMnuana, 7 asrycra 2008 r.
1. Kakoe HauboJblilee KOMMIECTBO HATYPATBHBIX YHCENT MOKET CTOATH B PAJM, eciin cyMMa JiioOsix 17 dmcesn mompam
geTHa, a J00bIX 18 dmcen moapsAm — HEYETHA 7
2. JokaykuTe, 9TO TpHU JOOBIX BENIECTBEHHBIX &, Y, 2 BBIMOJIHAECTCA HEPABEHCTBO

sinz cosysin z + cosxsinycos z < 1.

3. Touka D — cepemuna croponsl AC' tpeyrompuuka ABC', Touka F nexur wa ctopone BC. Orpesku AF u BD
mepecekatorca B Touke B, u AE = BC'. okawxkwure, uto BF = E'F.

4. Pa maxmaTHOI TOCKe CTOAT HECKOJBKO melek. JlokaxmnuTe, 4To Halimerca “KpecT”, B KOTOPOM CTOUT HEYETHOE
gucyo neniek. (KpectoM MBI HasbiBaeM obbeINHEHIE BEPTHKAIN I TOPH3OHTAJIN. )

5. B ctpame 2008 ropomos. Kaxmpiii Topod cBA3aH aBUAJUHUAMHA ¢ HEKOTOPBIMU IPYTUMH, MPUIeM 1A KaXKIOTO
ropojia YNcJI0 HCXOAANNX W3 HETO aBUaHHui ecTh cTenenb aBofiku (1, 2, 4, 8, ...). A KamI0ro ropojia CTaTHCTHK MO/
CYNTAJT KOJIMIECTBO MAPIIPYTOB U3 3TOTO TOPOa B IPYTHE ropoia, MMEINX He OoJbile oaHol nepecanku. lokaxmuTe,
9TO CYMMa BCEX MOJIyYeHHBIX duces He MoxkeT 6Tk paBHa 2000000.

BuiBonnbIe 3a1a9n

6. OxpyxHOoCcTh mpoxonuT depes Bepuindabl A m C' octpoyroibrHoro Tpeyroiabinka ABC u mepecekaeT CTOPOHBI
AB un BC B toukax D u F. Toukn D nu F; cuMMeTpudHBI ToukaM [) B F COOTBETCTBEHHO OTHOCHTEIHLHO OCHOBAHIII
BBICOTHI TPEYTOJIbHUKA, onylieHHol Ha cTopory AC. Ppamere C' D mw AFE; nepecekaiorcsa B Touke K. [loxkazxure, 910
LAKC = LABC.

7. PaiimuTe Bce Haphl IPOCTHIX WHCEN p U ¢ Takme, uTo p? — p+ 1 = ¢°.

8. Pa octpose wuByT 90 primapeit n 10 HOpMaTLHBIX JTIofelt. Prilapn Bcernia TOBOPAT MPaBAy, & HOPMAaJIbHBIE JIIOIN
MOT'YT TOBOPHUTH KaK MpPaBiy, TakK U JIOXKb. Paspenraercsa BHIOpaTh JI060e MHOKECTBO KHUTEIER OCTPOBA U CIIPOCUTH JII000-
ro abopureHa, eCTh JIM B 9TOM MHOYKECTBe HOpMaJibHBIe JToau. [lokaxuTe, 9To 3a 10 BOMPOCOB MOZKHO rapaHTHPOBAHHO
HaliTH X0TA OB OAHOTO PHITAPA.

Cepus 1b, pasmuHOUHAsT

1 (On-6). OkpysKHOCTB TpoXOANT Yepes Bepumubl A n C' octpoyroibroro Tpeyroiabanka ABC 1 mepecekaeT CTOPOHBI
AB un BC B toukax D u F. Toukn D nu F; cuMMeTpudHBI ToukaM [) B F COOTBETCTBEHHO OTHOCHTEIHLHO OCHOBAHIII
BBICOTHI TPEYTOJIbHUKA, onylieHHol Ha cTopory AC. Ppamere C' D mw AFE; nepecekaiorcsa B Touke K. [loxkazxure, 910
LAKC = LABC.

2 (On1-7). Paiiaure Bce mapbl HPOCTHIX YUCe p U ¢ Takue, uto p? — p+ 1 = ¢>.

3 (On-8). Pa ocrpose xuByT 90 poinapeii u 10 HopMaabHBIX Jioneli. Poinapn Bcerma roBopAT mpaBLy, a HOPMaJib-
HBIE JTFOQM MOTYT TOBOPHTH KaK MpaBiIy, TaK W JIOXKb. Paspermaercsa BHIOpaTh J1I000e MHOMKECTBO KHUTEJENR OCTpOBa U
CIIPOCHUTH JIIOOOTO abopUTeHa, €CTh JIM B 3TOM MHOYKECTBE HOpMaJibHbIe Joau. [lokakure, ¥To 3a 10 BOMPOCOB MOIKHO
rapaHTHPOBAHHO HANTH XOTA OBl OOHOTO PHITAPA.

4. Mausl HATypasibHOE Iucyo k u MHOoToUeHbl P(2) 1 Q(#) ¢ nemsiMu Koaddunmenramu. W3BecTHo, 9T0 MpH JTI060M
nesioM z aucio P(Q(z)) — x nemurcsa wa k. Hokaxkure, aro uncyao Q(P(x)) — & Toxe meautcs Ha k TpH JIOOOM TEIOM
z.

5. Pa croponax AB, BC' u AC octpoyronbHoro tpeyroabauka ABC Bribpanbl Toukn C', A’ m B’ cooTBeTcTBEHHO
tak, uro tpeyroabankn ABC u A’B’'C’ coorBercTBeHHO MOmobHBI. [okazxmTe, uTo opToneHTp TpeyroabHnka A’ B/ C’
COBITAJIAET C MEHTPOM ONMHUCAHHOW OKPYKHOCTH TpeyroabHuka ABC'.

6. Pa mpamoit mamel gBa oTpeska. Paiigure reomMeTprdeckoe MECTO TOYEK, W3 KOTOPBIX OHU BUIHBI MO PABHBIMI
yIJIAMH.

7. a) Hokaxure, uto 22° + y> > 322y nna seex z,y > 0.

6 6 6
6) Kakoe HanMeHblllee 3HAYECHIE MPHHAMAET BBIPAKEHIE % npu z,y,z > 07
8. Hoxaxure, uro muorodnen suma ax'’ — ax® + ba® 4+ cx” + ... 4 kx — 1% He MOKeT UMeThb 10 pazsmmaHbIX

MOJIOKUTESBHBIX KOpHETT.

9. PaccMoTpuM MHDOMKECTBO BceX orpaHmueHHBIX dyHKuid w3 R B R co caemyroumm paccroaumem: d(f,g) =
sup{|f(z) — g(x)|}. Hokraxkure, 9T0 5TO METPUIECKOE TPOCTPAHCTRO.

Cepust 2b, MHOro4neHHO-IOTOOHA

0. (Docmpoerue yenmpa nodobus) Hansr Toukn A m B u ux obpassl nmpn nogobun mepsoro (BToporo) poga A; u
By. Crpoum Ha otpeske AB kBagpar ABCD u Ha orpeske A; By To4HO TakkKe (MPOTHBOIOJIOKHO) OPHEHTIPOBAHHBIH
xBagpar A1 B1C1Dy. Toukm P, ), R, S — toukn nepecevenns npameix AB u A1 By, BC'u B1Cy, CDu C1Dy, ADu
A1 Dy coorBercTBerHO. Ppameie PR u (S nepecekatorca B Touke 0. [lokaxkure, aro O — NEHTP 3aJaHHOTO MOA0OUA.

1. a) (Badava @anvano) Buummre B nanueii Tpeyroiabank ABC TpeyrolbHIK HANMEHBIIETO MEPUMETPA.

6) ABC'D — BuucaHHBIH 9eTHIPEXYTONBHUK. BHHIIATE B HETO YETHIPEXYTOIBHIK HANMEHBIIETO HepuMeTpa. [loka-
JKUTE, 9TO JaHHas 3ajada 3ajada uMeeT HeCKOHETHO MHOTO pelleHH.

B) Hau (2n + 1)-yroapauk. Broummnre B Hero (2n + 1)-yroNbHUK HAWMEHBIIETO TIEPUMETDA.

2. a) s Toukn M K maHHOW OKpPYKHOCTH IIPOBEIEHBI IBE CEKYIINE, TTEPECEKAONINE €6 COOTBETCTBEHHO B TOUKaX A,
B u C, D. Onumute Bce momobusa BTOPOTO poma, orobpaskatoiine orpesok AB #a orpesok C'D.

6) Jaubl nBe HepaBHbBIE OKDYIKHOCTH ¢ pasHBIME IeHTpamu. ONuiuTe Bee HOmobusA, oTpaxkKakoline ofHy U3 HUX Ha

APYTyIo.



3. Cepenuunsiit nepnennuxkynaap K cropore AC tpeyrompuuka ABC mepecekaer ctoporny BC' B Ttouke M. Puc-
cektpuca yriia AM B mepecekaeT ONMUCAHHYIO OKPYIKHOCTH Tpeyroiabhnka ABC' B Touke K. JlokaxwuTe, 9TO mpaMad,
IPOXOIAIIAA Tepe3 MeHTPHl BIMCAHHBIX OKpYKHOCTel Tpeyronbuunkos AK M nw BK M, nepneHanKyaapHa OHcceKTpuce
yrma AKB.

4. Han mapasanenorpamm ABCD. Ppowsponbrasa npamas nepecekaet ayan AB, AC, AD cooTBeTCTBEHHO B TOYKAX
P, @, R. Jokaxure, 910 % + % = 4¢

AQ-
5. Pycrs P — MHOTOUJIEH ¢ TedbIMu Koadduimentamu. MsBectHo, uro ypasHenua P(z) = 1, P(z) = 2 nmeror
nesible KopHu. MoxeT i ypaBHenue P(x) = 2 nuMeTh OBa MEJIBX KOPHA?
6. Pycts P — MHOTOUIIEH ¢ TeabiMu Koaddunmerntamu. M3BectHo, 9To npu KaxiaoMm n = 1,2, ... 2008 sHadenne

P(n) — Tpexsnadnoe HaTypasabHOe qucio. [JokaxknTe, 9To P HE MMeeT MesIbIX KOPHEH.

7. Muorounen f mectoli cremenm ymoieTBopser paseHcTtBaMm f(29) = f(—29), f(239) = f(-239), f(0) = 0.
Hoxkazxute, uto f — deTHas HyHKINA.

8. Paitnnre Bce MHOTOWIEHB P, TPH BCEX BEIIECTBEHHBIX & yI0BIeTBOpAtoNme yeaopuio (2—1)P(x+1) = (z+2)P(x).

Cepus 3b, comepxkaiiasi BaXKHble AIEU

0. Yepes touky X mpoBesum mpaAMbie, mapasuienbhbie cropoiam AC mw BC tpeyronsamka ABC', mepecekarotine
cropony ABB Tourkax K u L coorBercrBenHo. JlokazknTe, 910 GapuIeHTPUYECKHE KOOPANHATH TOUKN B paBHbl (BL :
AK : LK).

1. Pa croponax AD u DC Beimykiioro detwipexyronbanka ABC D B3ate Toukn P u @) Tak, uro LZABP = ZCBQ.
Orpeskn AQ u C'P mepecexatorcsa B Touke E. Iloxaxure, uro LZABE = ZCBD.

2. Hau tpeyromsauk ABC. Yepes Touky X, jJexKallyo BHYTPH HETO, TPOBOIUTCA OTPE3OK Cx , HapasliedbHbIl AB,
¢ xonnamu Ha croponax AC mw BC', u orpesok bx, mapasmiensubit AC, ¢ kormamu Ha ctopoHax AB u C'B. Hokaxure,
9TO Bce TOUKH X, [IJid KOTOPBIX JJIUHBI OTPE3KOB bx W ¢x paBHBI, JeXKaT Ha ONHON MPAMOI.

3. AB — xopma okpyxuocTu S. OkpyxkuOocTH S7 1 Se KacaroTca OKPYZKHOCTH S B ToUKax P u () COOTBETCTBEHHO U
orpeska AB B touke K. Oxasasoch, uro LPBA = ZQBA. Ilokaxure, uro AB — gmaMeTp OKpPYKHOCTH 5.

4. Pasnumunble IpoCTbIe YHCJIA p U ¢ TAKOBEI, UTO IIPH HEKOTOPOM mesoM k > 2 umcno p? + kpg + ¢° — Tounbrii
kBazgpar. Joxkaxkure, ato (p— 2)(¢ —2) < k + 2.

5. PycTs p,q¢ — mpocTeie unciaa, ¢ > H. Joxkaxute, uTo ecan uncao 2P + 3F xpaTHO ¢, TO ¢ > p.

6. Pycrs P(2) — mHOTOWIEH ¢ eabiMu Koaddunnentavnu, P(x) > 0 npn # > 0. PocienoBaTenbHOCT dg, a1, da,

. 3aJaHa COOTHOIIEHUAME dg = 0 W ap, = P(ap—1) upn n > 1. Jokamunre, 410

a) A(n,m) = (anaam);

6) ant1Gnt2 .. Untk - A1G2 ...dy 078 JTOOBIX HATYPATIBHBIX 1, k.

7. a) Pyctb f — MHOTOUIIEH ¢ TenbiMu Koadbdunnenramu. WsBecTro, 4To ypapHenue f(x) = @ He uMeeT pellleHui B
nenbix uncaax. Hoxaxkure, aro ypasuenue f(f(f(x))) = « Toxe He NMeeT pellleHnil B MEIBIX INCIAX.

6) Pycts f — MHOTOYJIEH ¢ BellleCTBEHHBIMEI Koadduimentamu. 3sBecTHO, 9To ypaBHeHue f(x) = & He mMeer
pellleHnii B BEleCTBEHHBIX dnciax. Jokamutre, uro ypasuenne f(f(f(#))) = & Toxke He mMeeT pellleHUH B BENIECTBEHHBIX
qucIax.

8. Pyctb a,b,¢c,d > 0. Jlokaxure HEPABEHCTBO

a b c d 4.
a) btet+d + ctd+a + dta+tb + atbte z 3

a b c d 2
6) b+2c+3d + c+2d+3a + d+2a+3b + a+2b+3c Z 3

Cepus 4b, ynnmHeHHast M3-3a BBIXOIHOTO
0. Oxpystcrocms Anoasonus. Harbr npe Toukn A mw B. [lokakuTe, 9TO reOMETpHIECKAM MECTOM TO4YeK X, JJid
koTtopeix AX : BX = k, rme k — xKoHcTaHTa, He paBHasd 1, ABIAETCA OKPYIKHOCTD.
1. a) Pycts f — menpepwiBras dbyuxuus, npudem f(f(f(»))) = z. Horaxkure, uro f(x) = & Ipu Bcex BEIECTBEHHBIX

) BEpHO JIN 5TO YTBEPIKAEHNE 1A PAa3PbIBHON DYHKIMHT

B) Pycth HenpepsiBabie byukmmn f(z) u g(x) ynoaerBopsator Toxaectsy f(g(x)) = ¢(f(x)) npu Bcex BelecTBEHHBIX
z. JTokaykure, uro ecnn ypasHenne f(z) = g(#) we numeer KopHeii, To ux He nMeer u ypasuenne f(f(z)) = g(g(z))

2. Pycts Ay, By u (y — npoeknun Touknu Jlemyana K #Ha croponsl Tpeyroibuuka ABC'.

a) Hokamxmure, 910 K —tienTpons Tpeyronbuuka Ay B C).

6) Hokaxure, aro Meanana AM tpeyroabunka ABC mepnenaukynapHa npamoli By Ch.

3. (O mpuwicdu nepenexmushur mpeyeoavrukar) Hausl 1Ba tpeyromasanka ABC u A1 B1Cy. WsBecTHO, 9T0 NpAMBIE
AA,, BB; u C'Cy nepecekaitorcsa B Touke O, npavmbie AA;, BC| u B,C nepecekatorcsa B Touke O1, npamere ACT, A;C
u BB; nepecekatorca B Touke (Os. Hokaxute, uto npameie AB1, A1 B u C'C] nepecekarorca B omaolt Touke Os.

4. Pa ocuosanuu AC tpeyrombuuka ABC B3saThl Touku M w N Tak, 9T0 paamychl OKpyKHOCTEHl, BIUCAHHBIX B
tpeyroibaukn ABM u C'BN | paBubl. okaxurte, 9To paamychl OKpYyKHOCTell, BIUcaHHBIX B Tpeyroabauku ABN u
CBM, Takxke paBHBHI.

5. Hokaxmute, 9to njsa doboro MuHorowrena P(z) # x muorownen @, (x) = P(P(P(...(»)))) — ¢ (koMuosunus
Geperca n pas) mesmres Ha Qq(z) = P(z) — .

6. B n-smeMeHTHOM MHOYXKecTBe BEIGpaHO 27! pasIMIHLIX MOAMHOMKECTB, TIOObIe TPU I3 KOTOPHIX HMEIOT HelyCcToe
nepecedenne. Jlokaxure, 9T0 Bce 5TH MOAMHOYKECTBA UMEIOT HEMYCTOE TepecedeHne.

7. HdaHo n pasiuvgHBIX HATYPAJbHBIX duces. Pa HOCKY BBIIUCAJIN BCe WX TONapHble HaubOIble oblue TeuTen
u HaUMeHbIIne obiire KpaTubie. JIoKaKuTe, 9T0 Cpein BHIMMCAHHBIX TUCENI eCTh HE MEHee N Pa3JIndHbIX.



8. Papa pasnuaHBIX HATYPAJIBHBIX YUCE] HA3BIBAETCH XOPOIIEl, €CIN Y HUX OIUHAKOBBIE HADOPBI MPOCTHIX AETNTE-
seit. JTokaKuTe, 9T0 CYyIIeCTBYeT OECKOHETHO MHOTO XOPOIIHX Hap qucest (m, n) mid KoTopeix napa (m—+1,n+ 1) takxe
ABJIAETCA Xopolueil.

Cepusa 5b, reomerpudecku-ancsioBas

1. Ilokasark, 9To i1 J0O0r0 HATYPAJIBHOTO 1 CYMMa BCEX YUCET, ODPATHBIX TPON3BENEHUAM HECKOJIBKAX PAa3IINU-

HBIX HATYPAJbHBIX 9HUCEJ, KaXKI0e U3 KOTOPHIX He DOJIbIe N, paBHA N.

2. [lokamxuTe, 9TO {n\/i} > 2n1\/§ J1A JIF000TO HATYPAJBHOTO N.

3. Pycte {f} — mocnenoBarenbHocTh unces (®Pubonaaun), 3anaBaemasn papeactBaMu f1 = fo = 1, foy2 = fay1+Ffa,
n € N. Hokamxure, 9aro ecanm MHorounen P(xz) crenenn 1000 ymosiersopser yemosuam P(k) = fi, upu k = 1002, 1003,
ey 2002, TO P(2003) = f2003 — 1.

4. ParypanabHoe k TakoBo, 9T0 qucao p = 2°% + 28 4+ 1 — npocroe. JTokaxKuTe, 9T0 a) p ABJIACTCA NEJTUTETEM THNCITA
22" 41 _ 1; 6) k — crenens Tpoliku.

5. M — HEKOTOpOE MHOIKECTBO MPOCTHIX YHUCEN, B KOTOPOM OOJIbIlle OTHOTO siieMenTa. V3BeCTHO, 9TO IJiA BCAKOTO

Konewnoro noamuoxkectBa N C M wncao ( [[ k) — 1 umeer npoctble menwmrenn tosbko uz M. Hokaxmre, 910 M

keEN
COBIIaJacT C MHOZKECTBOM BCEX ITPOCTBHIX YUCEJI.

6. Ppamere AK, BK u CK, rne K — touka Jlemyana tpeyrosbanka ABC, nepecekaoT ONUCAHHYIO OKPYZKHOCTH B
toukax Ay, By u C. dokaxmure, aro K — Touka Jlemyana Tpeyrompauka A; B (1.

7. Bruepnmcannas okpyKHOCTH Tpeyrosnbauka ABC' kacaercsa croponsl BC' B Touke D, a mponosxenuit cropon AB
u AC' B toukax F u F'. Pycts Touka T — Touka mepecedenus npameix BF uw C'E. Hokaxwute, ato Touku A, D u T
JeKaT Ha OJHOI nmpAMOil.

8. W3BecTHO, 9TO CyMMa MOJOKUTEIBHBIX YUCEN L1, L2, . .., Ly, paBHa 1. [lokaxkure, 9To

(1+z)(1+22). .(1+z,) ne1)".
a) G—r)(=zs) (I=ar) Z (n—l) ;

DY E ISR P
Cepus 6b, mocaenoBarenbHast

1. Bospacrapliasa mocaenoBaTebHOCTh HATYPAIBHBIX ducesl obJIagaeT CIeayonuMI CBORCTBAME: G2, = G, + N U
€CJIl Gy, TPOCTOE, TO U N — MpocToe. JoKaxuTe, 9T0 G, = N JIJid JII000T0 HATYPAJIBHOTO N.

2. a) 1 =0, xp41 = by + /2422 + 1 upn Beex n € N. JlokanTe, 9T0 BCe WIEHB 9TOH MOCIETOBATENBHOCTH —
eJible IUCa.

6) 11 =4, 20 = 1, 23 = 9, Tpg3 = 2®p42 + 20n41 — T, upn Beex n € N. JlokamuTe, 9TO BCe WIEHBI 3TOM
OCJIENOBATEBHOCTH — TOUHBIE KBAIPATHI.

3. a) lokaxure, uto ecsu (ag, bg, cg) — pemenne ypasuenus Mapkosa a? + b? + ¢ = 3abe B HaTypasbHBIX UHCIIAX,
TO y 9TOTO ypaBHEHHe nMeeTcs pelierne (aq, by, ¢g), Te a1 # ag.

6) Hokaxure, 410 ypasHenne MapkoBa nMeeT GECKOHEYHO MHOTO DENEHNH B HATYPATBHBIX UNC/IAX.

¢) Hokaxure, uro ypasaenue a’ + b? + ¢? = kabe npu k # 1,3 He uMeer peleHuit B HATYPATBHBIX TUCIAX.

4. Tpeyronsauk ABC Brucan B oKpyKHOCTE S [lokakuTe, 9TO CyIecTBET TPOEKTHBHOE TIepobpaszoBanue P, KoTopoe
mepeBOIUT S B OKPYKHOCTH, a TpeyroabHuk ABC — B MpaBHIBHBI.

5. PaccMOTpEM MHOTOYJIEH OT IBYX TMepeMeHHBIX P(z,y) = > aijr'y’. VsBecTHO, 4TO NI BCEX Belle-

0<i<n, 05 <k
CTBEHHBIX #, Yy BepHo P(z,y) = P(x 4+ 1,y + 1). Hokamure, uro P(z,y) = Q(x — y), rae () —~HEKOTOPHI MHOTOUJIEH OT
OJTHOI mepeMeHHOM.

6. [lama okpyxkHOCTH S u Todka P BHe Hee. Po OKpPYXKHOCTH CKOJB3UT Xopma AB MOCTOAHHON IJIMHBI TaK, 9TO
MeHbIIad W3 YT, CTATHBAEMBIX 2TO#l xopmoil, Hampasiena or A K B mo dacooii crpenke. Touka M — cepenmua Xopmabi
AB. Yepes B npoBoauTca npaMasd, napajienabiad PM | KoTopasd mepecekaeT OKpyKHOCTH B Toukax B u C. Hokaxure,
910 Bce Takme npaMbie AC TPOXOOAT Yepes OIHY TOUKY.

7. Pa croponax AB u AC tpeyronbpanka ABC' Beibpanbl ToUkE () n P cCOOTBETCTBEHHO TaK, 9TO TOYKA MEPECEUEHU A
otpeskoB BP u C'Q) nexut na buccekrpuce AL yrma A. Ppu stom LAPQ = LALB. [lokaxure, uto P — buccekTpuca
yraa APB.

8. Pasosem mabupuaTom maxmaTtuyo mocky 100 x 100, rme MekIy HEKOTOPBIME MOJAMHI BCTABJIEHBI MEPETOPOIKH,
HO TaK, 4TO JIaJbd MOKET MEPEIBUTATHCA 110 BCell TOCKe, He MepenphirmBasd depes neperoponku. Po komange BP PABO
JIadbA CMEINAaeTCA Ha OIHO MOJIe BIIPABO WJIH, €CJIH CIIPaBa Kpail TOCKH WJIH MEPETOPOIKA, OCTAETCH Ha MECTE; AaHAJIOTHIHO
pemosaATcAa kKoManasl BJIEBO, BBEPX u BPU3. Koneunyto mocienqoBareIbHOCTD TaKHX KOMAH HA30BEM IPOTDaM-
Mmofi. Jlanbl nBa JabuUpUHTA, B KAaXKIOM CTOUT Jaabd. [loKazKuTe, 9TO eCTh MPOrpaMMa, BBITOJIHUB KOTOPYIO, KakKIad
JlagbsA OKazKeTcd B BepxHell mpaBoil KjeTKe cBoero mabupuHTa.

Cepust 7Tb, mo MmoTuBaM mpolieamux U Oyaymmux JukHe30B

20084+-Tn42Tny1

" npu Bcex n € N. JlokamuTe, 9TO BCe UJIE€HBI 3TOM MOCIeHOBATETh-
n

1. ] = g — 1, r3 = 41, Tn4+3 =
HOCTH — HATYpPAJIbHBIE TUCIA.

2. Huaronasm BnucanHoro deThipexyroibiunka ABC D nepecekatorca B Touke F. Ppambie AB u C'D mepecekarorcs
B Touke P, npameie AD u BC — B Touke (). Ppamaa PFE nepecekaer BC' B Touke X, mpamas (JF nepecekaer AB B

Touke Y. [okaxkmure, 90 oTpe3ok XY TPOXOIUT Yepes TOUKY TepeCcedeHnsa cuMequan Tpeyronbauka ABC.



3. Buyrpu ocrpoyrosbhoro Tpeyroibauka ABC' Beibpana takas Touka K, uro LAKC =2/ABC, u AK/KC =
(AB/BC)?. Touku A; u Cy — cepenunnt croporn BC' u AB. JlokaxuTe, uTo Touka K JIEXKUT HA OMUCAHHOI OKDYKHOCTH
Tpeyroabauka A BCY.

4. a) Pa esesHOl mopore pebChl HAPAIEIBHBI, & HINAJB YIOKEHB NEPIEHINKYIAPHO PEJIbCaM depes PaBHOE
paccroanme. XYIOKHUK, m300pakasd Ha KapTUHE KeJE3HYIO JOPOrY, W300pasusl PesibChl ABYM JIMHUAMIE, [MEPECEKA0-
NIMMUCH 33 TOPU3OHTOM, a JIBE IIHAJB - MapaJIebHBIMI OTpeskaMu. Kak mpaBuiabHO m300pa3suTh TPETHIO IIMATY !

6) MoxHO g oTMeTHTh Ha maockocTn 4016 pasnuanelx Todek n okpacuth 2008 w3 HuX B cuHumii 1mset, a 2008 — B
KPaCHBIN TaK, YTO €CJIM MpAMad MPOXOMUT Yepes3 JBe TOYKH PAa3HBIX IBETOB, TO Ha Hell 00A3aTeIbHO €CTh ellle POBHO
OIlHA OKpallleHHad TOYKa?

5. a) (Bexaud) Noxamure, ato ecam 2P — 1 — mpoctoe wmcso, To 2P ~1(2F — 1) — copepimentoe aucio.

6) (Diinep) HokamkuTe, 9T0 €CIN N — COBEPIIEHHOE Y€THOE THUCIIO, TO CYIIECTBYET TAKOe MPOCTOE IHCIo Buaa 2P — 1,
aro n = 2P71(2P — 1)

6. [Hokammute, uto 3" — 1 He menautcd Ha 2" — 1 HW UpHW KAaKWX HATYPAJBHBEIX 1 > 1.

1 1
7. JIJisl BENECTBEHHBIX YUCET L1, X2, +, Ly (0 > 2) us mpoMexyTka (0, 1] ZoKaKHTE HEPABEHCTBO Tttt

1 n
14z, < 14+ Yrizxo. . xy

8. Kaprunnas rajepes uMeeT (pOpMY HEBBIMYKIIOTO MHOTOYTONBHEKA (CTOPOHBI MHOTOYTOIBHIKA — 9TO CTEHBI Tase-
pen). s mobbix Tpex Touek A, B u C Ha cTeHax rajieper HafiieTcs TOYKa BHYTPH Hee, W3 KOTOPOW BuaHbl u A, 1 B,
u C. JokaxwuTe, 9T0 B rajiepee eCTh TOUKa, U3 KOTOPOH BHIHA OHAa BCA.

Cepust 8b, obierténnas Ha BLIXOITHOK

0. Pemmnts cpasmenne 2 = 91 (mod 243).

1. MuozxkectBo X cocTouT m3 n »aeMeHToB. A KaiKmoll ymopAmZoYeHHOH maphl ABYX TMOAMHOMKECTB (BO3MOK-
HO? COBHAIAMONINX) MHOMKECTBA X MOACUYUTAHO YHUCIIO JEMEHTOB B X [E€PECEUEHUN, U MOJMYUeHHbIE YHCTIA CJIOKEHBI.
TokasKnTe, 4TO HOJIydeHHad cyMMa pasua nd? L.

2. Pyctb 0 — nepecranoBka Ha MHOKecTBe M = {1,2,...,p— 1} (tme p > 2 — npocroe uncio). JlokaxkuTe, 9T0 114
HEKOTOPBIX PasiudHbIX ¢, j € M BHIONHAETCA cpaBHeHue io(j) = jo(i) (mod p).

3. a) Pycts m > 0, (a,m) = 1, b — nesioe, & mpoberaer MOJTHYIO CUCTEMY BBIYETOB, IO MOAYJ0 m. JloKkaznTe, 4TO
LA = g(m = 1);
xr

6) Po-mpexknemy m > 0, (a,m) = 1, b — nenoe, a z mpoberaer NPUBEAECHHYIO CHCTEMY BBIYETOB MO MOIYJIO M.
Hoxrazxkure, 910 » {fn—z} = %(b(m),

Z

B) Pyctb n > 0, m > 1 — HarypasbHoe U & mpoberacT Bee HATypasIbHbIE YA, 6osbline | 1 He JeJANNect Ha M-10

CTENEHD MEIoro dncia (& — ducia, cBOOOmHBIE OT cTeneHn m). JJokaxure, 910 y [ ’(/g] = [n].
xr

4. Kakoe nHanbosblilee KOJIUIECTBO Jadeil MOKHO PAacCTaBATH HA MIAXMATHOR HOCKe pasMepoM 3n X 3n Tak, 9ToOBI
Kak7aad Jadbd HaXOMMWJIach moa 6oeM He Hoslee 9eM OXHON APYyToi?

5. okaykuTe, 9T0 TPOCTHIX ducesa Bumga p = 6k + 1 GeckoHeIHO MHOTO.

6. PocienoBarebHOCTD {4, } TakoBa, 410 1 > 0 U T4y =

7. Docmpoernus npu nomowu odHotll aunetiu.

a) JlaHa HEKOTOPad OKPY KHOCTE. P pH ITOMOIIY OJHON JHHERKN TOCTPOHTE N-YyTOJBHIK, CTOPOHBI KOTOPOTO TPOXOIAT
Jepes aHHBIE N TOYEK, & BEPIIUHHI JIEKAT Ha TAHHBIX 12 MPAMBIX.

6) Ppu momomnm ofHoil THHEHKN BIOWIIATE B JaHHYIO OKPYKHOCTH N-YTOJIBHUK, CTOPOHBI KOTOPBIX (MM X IPOIOJI-
JKEHNA) MPOXOIAT Uepe3 JaHHBIE N TOUEK.

8. Touka P maxomurca BHe OKpyxHOCTH ¢ mneHTpoMm (. Ppamere {1 w ¢ mpoxonaT depes Touky P, mpudem fq
KacaeTcd OKPYIKHOCTH B Touke A, a {2 mepecekaeT OKpyKHOCTEH B Toukax B u . KacareiabHble K OKPYKHOCTH B TOYKAX
B u C nepecekatorca B Touke X. [lokaxure, uro AX u PO neprneHInKyIAPHBI.

Cepust 9b, aucioBas

0. Pemure cpaprenue 31zt 4+ 5723 + 96x + 191 =0 (mod 225)

1. Pyetb a, b, ¢ — marypanbube uncaa. a? + b% 4+ ¢? gemmres Ha a + b 4 ¢. JokaxKuTe, IT0 KaKHe-TO IBa U3 THCEN
a3, b3, ¢® maloT ooWHAKOBEIE OCTATKN IPH HeJeHHH Ha a + b + c.

2. Ins n00BIX HATYpAJbHBIX YHCET 1 > 1 JOKaKuTe HepaBeHCTBO [m,n]+ [m+ 1,n+ 1] > \/ZT:”—_”m , the [2,y] —

7
P Hoxaxure, 910 Zap0s > 1.

HalMeHbIIce 06]_1_[66 KpaTHOEC 9YUCEJI & 1 Y.

3. Hokazxute, 9TO A1 JIFOOOrO HATYpPaJbHOTO UNCIa ¢ CYIIECTBYET HECKOHETHO MHOTO HATYPaJbHBIX 1, TAKHX UTO
e
qucso ¢ + 2" — cocTaBHOE.

4. Ppu (a,m) = 1 6ynem paccMaTpuBaTh CHMBOJNYECKYIO IDOOH g IO MOZYJIIO M, 0003HAYAIIYIO JTI000€e peleHne

— 222 _ 1.1 1
cpaBHenus ax = b (mod m). IJokamnTe, 9To0 1714 JTIOOOT0 HEIETHOTO IPOCTOTO YUCIIA P BEPHO o =1l-gt5— =51
(mod p).
_ z+y y+z 24z
5. Pycts z,y,2 >0, 2+ y+ 2 = 3. [lokamure, 9T0 gy + v a=v7) + FrICery > 2.

6. U3z toukm A x maHHOI OKpyzKHOCTH S TpoBemeHsl Kacarenbhbie AB u AC. Pa cpenneil nuHum TpeyroabHUKa
ABC, napasutenbhoit cropore BC'| BuOpanbl Tpon3BosibHbIE TOUKN X 1 Y. OTpeskn KacaTeabHBIX U3 Todek X u Y K S
mepeceknch B ToUke 7. [lokaxkuTe, 9TO 4eTHIPeXyroabHuk AX 7Y — onmcaHHBII.

7. Pa gnergaroii mimockocT HapucoBaH KBanapaT 11 x 11, BHyTpr u Ha CTOPOHAX KOTOPOTO OTMEYEHBI BCE Y3JIBI CETKH.
OTMedeHHBIE TOYKHU MOKPAIIEHBI B TpU mBeTa. JlokasaTh, 9TO HaliieTca MPAMOYTOJBHUK CO CTOPOHAMMF, MAYIIIMHA IO
JINHUW CETKW, BCE BEPIUINHBI KOTOPOTO OKPAIIEHBl B OMWH U TOT K€ I[BET.



8. a) PaccmarpmBatorcs BCeBo3MOKHBIE Habopsl 13 100 HEOTPHIATENBHBIX TETIBIX THCEN, PACTOJOKEHHBIX B He-
ybpiBatoIeM mopsanke u He npeBocxonaiime 100, B KoTopsix cymma Bcex wuncen genurca Ha 10. [Jokaykmre. 910 poBHO
MOJIOBUHA »THX HabOpoB 3akanumBaeTcd ducaom 100.

6) PenpepriBHasg u ctporo Monoronuasn dyukmua f : [0, 1] — [0, 1] rakosa, uro f(0) =0, f(1) = 1. Jokamxure, 9410
TG+ J35) + -+ Ja5) + 7 () + 17 )+ + 171 5) < i

Maremaruvyeckuii 60ii, rpymnmna B, 19.08.08

1. MuoKecTBO S cocTonuT U3 2n TOYEK, HUKAKWe TPU W3 KOTOPHIX He JIeXKAT Ha onHoil mpamMoil. OTpe3oK, coemnH Aio-
il IBe U3 3TUX TOYEK, HABBIBAETCA PA3HEIIAIONINM, €CJIH M0 KakKAYI0 CTOPOHY OT COMepIKAIlell ero MpAMON HAXOMUTCA
posHo Mo n — 1 Touke. OKazagock, 9TO B S €CTh POBHO N PA3HeANIMX OTpe3koB. [lokaxkure, 4To sio0ble JBa TaKUX
OoTpe3Ka MepeceKalTcsd 10 BHYTPEHHENR TOUKE.

2. CyMMa TONOKWTETBHBIX YNCET &1, L3, .. ., &n(n > 4) paBHa 1. Jokamxure, 9470

3
[

1 o Tn
+ + ...+ >
za(wy + 2o+ 2s)  ws(we+ a3+ 24) vi(xn + a1+ 22) 7 3

3. Bmyrpm BumcamuHoTO n-yroabHuka A;As...A, Hamtachk Takas Touka P, uto LPA1As = LPAA; = ... =
/PA,A;. okaxure, 9T0 BHYTPH TOT0 MHOTOYTOJBHUKA HafimeTca Touka () Takas, 910 LQAs A = LQAzA; = ... =
LQALA,.

4. HokaxuTe, 9TO IJA KaXKIOTo HaTypaJbHoro unciaa n > 2008, psanMuo npoctoro ¢ 10, cyuiecTByeT HaTypasbHOE
YHCJI0, KPATHOE N, He MEHAIONIEECH, e/l 3aMUCcaTh ero MudPhI OT KOHIa K Havasy M COCToAllee MeHee YeM U3 4 Iudp.

5. B BepumHax mMpaBHIBHOTO IMECTUYTOJIBHUKA HANMCAHBI HIECTD ITEIBIX HEOTPHUIATENBHBIX dncesl ¢ cymmoii 2005.
Bayvuuserit Magsank Pops MoKeT cTepeTh 9ucio B 000l BEPIIUHE U HATACATH BMECTO HETO MOIYJIh PA3HOCTH YHCEN B
JIBYX COCemHUX BepinHax. lokaxkmure, ¥T0 Popa MoxkeT moOuThcAa TOTO, YTOOBI BO BCEX IMIECTH BEPUIMHAX CTOAJM HYJIN.

6. Pycrs S, = {0,1,2,...,4n — 1}. PoaMuoxkecTtBo A MHOKecTBa S, HA3BIBACTCH DEIKUM, €CJU I JIIOOOro

k=0,1,2,...,n — 1 BRIIOJHAOTCA yCIOBUA
[AN{dk+ 1,4k + 2,4k + 3} < 1, |AN {4k — 2,4k — 1,4k, 4k + 1,4k + 2}| < 2

. HokaKuTe, IT0 KOJIMIECTBO PEIKHX MOAMHOMKECTB paBHO & - 7771,

7. PociienoBaTebHOCTh HATYPATIBHBIX THCEN {dy | YAOBIETBODAET YCJIOBUIO Upt3 = Upt2(dny1 + ap) aman € N .
Paiingure a7, ecniu ag = 8820.

8. Uerwipexyrompaunk ABC' D Brnucan B oKpyKHOCTS ¢ iteHTpoM (0. Ero nmaronann nepecekatorca B Touke F. Touka
P Bayrpu ABC'D rakosa, uto LPAB+ /ZPCB = /ZPBC + ZPDC = 90°. [okaxure, uro Touku P, F u O jexar Ha
OJTHOI HpAMOIL.

9. Pemmnte B HATYpaJbHBIX yncaax «, y u k > 1 ypasmenme 2221 4 2741 1 ] = ok,

10. Ppamoyrompayo Tabauily, B KJIETKaxX KOTOPOIl cTOAT Iesible Yuciia, Ha30BEM n-OJIM3KOM, €CIn B KaXKIBIX IBYX
KJIETKAX, COCETHNX [0 CTOPOHE, CTOAT YHC/Ia, OTIHYAIONIec He bosee, 1eM Ha 1 (n - HATYypaibHOe dncio). Tokaxnre,
910 Kaxkgad kn-Oauskan Tabinna apngerca cymmoit k n-6imuskux tabsmi. (CyMMa HECKOIBKNX MPAMOYTONBHBIX TabIInI]
ONIMHAKOBOTO pasMepa - 2TO Tabula, B KaxkIoil KJIeTKe KOTOPO# CTOMT cyMMa 9YHCeJ, CTOANNX B COOTBETCTBYIONIMX
KJIeTKaX TabIIuIl-cIaracMbix. )

Cepust 10b, maTboitHO-THKOE3HAsI, U3-3a U€T0 OMATH JJUHHAA, HO C KyJdel HpPOCThIX 3aIatd

0. Kakux umcen or 1 mo 1000000 Gomblme: Tex, KOTOpble HpeAcTaBIAlOTCA B BHAe 2z — 3y’ OId HEKOTOPHIX
HATYPaJbHBIX ¥,y HJIH TeX, KOTOpble IpencTaBadioTcd b pume 10zy — 22 — y? 1714 HeKOTOPHIX HATYPAJbHBIX &, Y

1. (Boaomapés) Pycts p — HedeTHOe mpoctoe dnciio, (a,p) = 1 n o : 1 = ai (mod p) — mepecTaHOBKA MOJHON

CHUCTEMBI BBIYCTOB 11O MOAYJ/IIO p. ,ZLOK&}KI/ITG, b9TO sgn o = %

2. Kpagparubiit tpexunen f(z) = az? + br + ¢ ¢ neabimu kosddunnenTaMu TakoB, 4TO [Jis J060r0 HATYPAJBLHOTO
m HallieTcsA HaTypasbHOe & Takoe, 410 f(x) meqmresa Ha m. Jokaxute, 9T0 KopHU f(&) pannoHaJIbHBL

3. Pycts p > 5 — mpocroe uncio. MoKHO Ju 110 KPYry paccTaBuTh dncia or 1 mo p — 1 Tak, 4ToOBl 11 JIIOOBIX
Tpex IocIeloBaTeIbHO CTOAMNX Tucel d, b, ¢ wmeno b? — dac genmaoch Ha p?

4. Pyctb a € 7 u HOCTIen0BaTeNbHOCTD {2, } 3a0aHa CIenyonmM o0pasoM: &1 = d, &, = a” — Y &4, THE CYMMIPO-
BaHMe BENETCHA IO BCEM AEJIUTENAM UUCTIa 1, MeHbIIUM n. Jlokaxkure, 9T0 a, HEIUTCA HA N MPH JOOOM n.

5. MHoXKeCcTBO S COCTOUT U3 2n TOUYEK, HUKAKUE TPH U3 KOTOPBIX HE JIekKaT Ha OgHoi npaMoit. OTpe3ok, coennH A0~
il IBe U3 3TUX TOYEK, HABBIBAETCA PA3HEIIAIONINM, €CJIH M0 KakKAYI0 CTOPOHY OT COMepIKAIlell ero MpAMON HAXOMUTCA
posHo Mo n — 1 Touke. OKazagock, 9TO B S €CTh POBHO N PA3HeANIMX OTpe3koB. [lokaxkure, 4To sio0ble JBa TaKUX
OoTpe3Ka MepeceKalTcsd 10 BHYTPEHHENR TOUKE.

6. PpaMoyroibHyo TabIHIy, B KJIETKaX KOTOPOH CTOAT IMEJIbIe YUCTIa, HAZOBEM N-OJIM3KOMH, eciin B KaXKIBIX IBYX
KJIETKAX, COCETHNX [0 CTOPOHE, CTOAT YHC/Ia, OTIHYAIONIec He bosee, 1eM Ha 1 (n - HATYypaibHOe dncio). Tokaxnre,
910 Kaxkgad kn-Oauskan Tabinna apngerca cymmoit k n-6imuskux tabsmi. (CyMMa HECKOIBKNX MPAMOYTONBHBIX TabIInI]
ONIMHAKOBOTO pasMepa - 2TO Tabula, B KaxkIoil KJIeTKe KOTOPO# CTOMT cyMMa 9YHCeJ, CTOANNX B COOTBETCTBYIONIMX
KJIeTKaX TabIIuIl-cIaracMbix. )

7. HokaxmnTe, 9To A4 KaiKIoro HaTypaJsbHoro uuciaa n > 2008, Bzanmuo mpoctoro ¢ 10, cymecTByeT HaTypaabHOE

HYUCJIO, KpaTHOE N, HE McHAINIceCA, €CJIN 3alliCaTh €To I_[I/I(i)pbl OT KOHIIa K HaYaJy MW COCTOANIcCE MEHEEC YEM U3 % L[I/I(i)p



8. B BepumHax mpaBHIBHOTO MECTHYTOJIBHUKA HANMCAHBI HIECTD TEIBIX HEOTPHUIATENBHBIX dncesl ¢ cymmoii 2005.
Bayvuuserit Magsank Pops MoKeT cTepeTh 9ucio B 000l BEPIIUHE U HATACATH BMECTO HETO MOIYJIh PA3HOCTH YHCEN B
JIBYX COCemHUX BepinHax. lokaxkmure, ¥T0 Popa MoxkeT moOuThcAa TOTO, YTOOBI BO BCEX IMIECTH BEPUIMHAX CTOAJM HYJIN.

9. Touku M u N — cepenuwnbl nmaroHajeil BRIMYKJIOTO deThipexyroiabinka ABC D, P — Touka mepeceveHns THX
nuaronajeii. Onucanable OKpyKHOCTH TpeyroabHukoB ABP u C'DP mepecekatorca B Toukax P u K. Onucamubie
okpyxHOCTH TpeyroabHukos C'BP u ADP nepecekatorcs B Toukax P u L. Ilokaxkure, ato touku M, N, K u L sexar
Ha ONHON OKPYKHOCTH.

10. Pycrb f(z) = 2? — 8z + 15. CKoJIbKO pasiiMYHBIX BelllecTBeHHbIX KopHell umeer ypasuenne f(f(... f(z)...) =0,
B KOTOpoM byHKIUA f mpuMeHeHa n pas’?

Cepus 11b, ¢ yKJIOHOM B YHCJIOBBIE IITYYKW U YABOEHHBIMH 3aTATAMHA

0. PamumnTe Bce HEMPUBOAUMBIE KBAJAPATAIHBIE (DOPMBI ¢ TUCKPUMUHAHTOM 9.

1. KBagparustii Tpexwien f(z) = ax?+bx+c ¢ nensiMu KosddumenTaM 06130a6T TAKAM CBOHCTBOM: JIJIH JIIOGOTO
HATYPaJBHOTO M HafieTcsa HaTypaibHOe X Takoe, 410 f(z) menmresa Ha m. [JokaxuTe, 910 KopHU f(&) pannoHaJIbHBL
2. HNokaxwure, uro npu (a, m) = 1 KonudecTBo pemennii cpaphenus 2 = a  (mod m) nubo 0, mubo crenens 2.

3. a) Pa mannolt mpaMoii mocTpoiiTe OTPe30OK MaHHON HJIMHBI, KOTOPHI BUIEH U3 JAHHON TOYKHW BHE NPAMOR MO,
JMAaHHBIM yTJIoM. Paspernaercs mob30BaThCA MUPKYIEM U JTHHENKOM.

6) lanbl OBe MpAMBIE U IBE TOYKH, He jeikamne Ha Hux. C MOMOIIBIO IMPKY/IA 1 JHHEHKH TOCTPOHTE OTPE3OK ¢
KOHIIAME HA JAHHBIX MPAMBIX, KOTOPBI W3 MEPBOI TOYKM BUAEH O OJHUM JTaHHBIM yTJIOM, a W3 BTOPOl TOYKH — MO
BTOPBIM JAHHBIM yTJIOM.

4. PocnenoBarebHOCTh {d, } 3adaHa COOTHOUIEHUEM d, = [%an_l] u a; = 2. Jlokaikure, 9T0 B 3TOl MOCIEIOBA~
TEIBHOCTH DECKOHEYHO MHOTO M YETHBIX, U HEYETHBIX UMCEIT.

5. PociienoBaTebHOCTh {d, | 3aaHa COOTHOIIEHHEM

ap—1
a _ nz y n 2 1
n+l — 2a,
l—ay,’ an < 1
WsBecTHO, 9TO @y — HATYpaJbHOe, an £ 2 mpu n = 1,2,...,2001 u asgoe = 2. Pafinure ag.
6. a) (Darne u Jummu.) Pycrb momoxwWTeTbHBIE YNCIa « W [ TaKoBH, 410 MHOKecTBa A = {[az];z € N} u
B = {[Bz];x € N} ne nepecekatorcs, a AU B = N. Jloka)xuTe, 4T0 3TO BO3MOXKHO TOIJA M TOJLKO TOTAA, KOLIA

QER\QI/I%—I—%:I.

6) HokaxuTe, 9TO HE CYHMIECTBYET TaKHX MOJIOKHTETBHBIX duces &, § u 7, dro MHOKecTBa A = {[ax];z € N},
B ={[fz];x € N} u C = {[yz]; # € N} He nepeceratorca, u AU BUC =N.

7. Bricorer AA; u C'Cy ocrpoyrosshoro Tpeyroiabanka A BC mepecekatorcsa B Touke H. Pa cropone AC' Hamiack
Takad Touka L, 4ro oTpesok AilL menmrcsa momosam BeicoTolt C'CY, a orpesok CyL menmrcsa momosam BeicoTolt AA;.
Hoxaxure, uro HL 1 OH, rme O — mneHTp onucanHoit oKpyKHOCTH Tpeyroibuuka ABC.

8. KmeTkm maxmaTHO#l mockm 2n x 2n, n > 1, mokpalmeHbl B 2n’ IBETOB TaK, UTO KaZKIBIM IBETOM IIOKPAIICHEI
poBHO 2 kiteTKu. JloKa)KmTe, 9TO MOZKHO MOCTABUTH Ha 3TY IOCKY 2n Jjadell Tak, 9ToOBI OHEM He OWJIM JIpYyT Ipyra, U Ha
KazKJIOM IIBETE CTOAJO He HoJlee OMHOMN TaIb.

Cepust 12b, onsaTh reoMeTpuviecKasi

0. B xakme TeopeMbl EPEXOAAT MPH MOJAPHOM TPeObPA3OBaHUN CIIELYIONne (PaKTHI:

a) BBICOTHI TPEYTOIBHIKA IEPECEKAIOTCA B OMHON TOUKE;

6) BUCCERTPHUCH TPEYTOJNBHUKA MEPECEKAIOTCA B OTHON ToUKe?

1. PasoBem HaTYpasbHOE YUCIIO HETIOCEHOM, ECIIH B €70 TeCATHIHON 3aliCH HET ONUHAKOBBIX 1P PALOM UIIH IepE3
onny. Hokaxkmure, 9To j1060€e HATYpaIbHOE TUCIO, HosIbliee 1, MOXKHO MPEACTABATH KAK CYMMY JIBYX HETOCET.

2. Kakoe maunbosibliiee KOJIMIECTBO JaIell MOKHO TOCTABATE HAa MAXMATHYIO JOCKY TaK, YTOOBI KaKIad W3 HUX Ouia
He Gostee nBYX Apyrux? (®urypsl He GBIOT APYT MPOTHB APYTa).

3. Beagwmit Jin MHOTOWIEH 9eTBepTOli crenenn P(x) MoKHO npenctaBuTh B Buge P(z) = R(Q(z)), tne R(z) u Q(x)
— KBaJIpATHBIE TPEXUJIEHBI?

4. JTokaxKuTe, 9T0 €CIU YUCIA &, b, ¢ IpH KakIoM HaTypajgbHoM n € N yaoBieTBOpAIoT paBeHCcTBY [nal 4 [nb] = [nd],
TO XOTA OBl OHO W3 YUCEST &, b ABIAECTCH TIEJIBIM.

5. B kaxmoii KjaeTke TabJIUIBI 1 X n HAIUCAHA HEKOTOpad OyKBa, IPU 9TOM BCE CTPOKH MAHHON TabIMIBI PA3IHIHBI.
HokaxKute, 9T0 CYyIMECTBYET CTOJOEI, TPU BHIYEPKUBAHUN KOTOPOTO CTPOKH OCTaBlleiica TabIHIBl MO-TIpeKHeEMY OYIyT
Pa3IUIHBIMA.

6. S — onucanHadg OKPYKHOCTH pasHocToporHero Tpeyroibanka ABC. Pycts K — Touka mepecevdeHn s OUCCEKTPUCH
yria C' ¢ Kacarenbroil Kk S B Touke B, a L — BTopasa obniasg ToYKa OHMCCEKTPUCH BHeIHEro yriaa (' ¢ OKpPYIKHOCTBIO S.
Ppavere AC' u LB nepecekaiorcsa B Touke M. Hokaxurte, uto npamaa M K memut orpesok AB momosam.

7. Beinykasrit yersipexyromsauk ABC'D rtaxos, utro LZABC = LADC = £135°. Pa ayuax AB u AD 3a Toukamu
B u D snexar toukn M u N rtakue, uro ZMCD = ZNCB = 90°. Ouncannble oOKpyKHOCTH TpeyroabHukoB AM N u
ABD mnepecekarorca B Toukax A u K. [lokaxkmure, atro LZAKC = 90°.

8. Bmyrpu tpeyronbamka ABC BBIOpaHB M30TOHAJIBHO compaKeHHBIe Toukuw P w P;. Torma mpsambre, omHa
u3 KOTOpeIx cuMMmerprudna AP orHocuresnbHo 6uccektpuckl LBPC, a apyras cummerpudna AP) OTHOCHTENBHO yIuia
B P, ,cumMmerpuansl oTHOCHTENBHO BC'.

Cepust 13b, nasa ucciaemoBanus
0. s KaKuX MPOCTHIX P 9UCJIO —2 ABJAAETCA KBAJAPATHIHBIM BBIYETOM O MOIYJIO p?



1. a) Pycrb p = 8k + 1 — npocroe. lokaxure, uto p = 2% + 2y? nj1s HekoTopwix z,y € N.

6) HoxazknTe, 910 9uca0 Buga 8k 4+ 1 ABIAETCA TPOCTHIM TOTIA U TOJBKO TOTIA, KOTA OHO €IHHCTBEHHBIM CIIOCOGOM
npencTapuMo B Bue 2 + 2y?, e x U y — B3aHMHO IPOCTHIEe HATYpAJbHBIE UHCTA.

2. PocmenoBare bHOCTD a1, Gs, . ..3adaeTcCd CIAEAYONMM 00pa3soM: @, — ?TO HAUMEHbIee HATYPAJbHOE UHCIIO, HE
BCTpEeYaoIeecs CPEMN TUCET A1, . . ., Gp—1 U TAKOE, 9T0 a1 + ds + ...+ a, menutcsa Ha n. lokaxure, 9T0

a) B MOCJIENOBATENBHOCTH a1 — |, az — 2, ag — 3, ... BCTpeYAIOTCA BCe TETble YNC/a O OJHOMY Dasy;
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B

) B HOCJIENOBATENBHOCTH @1, d2, 43, . ..BCTPEYAIOTCH BCE HATYPAIbHBIE UNC/Ia IO OJHOMY Dasy;
) ecan @, = m, 10 dpy = N.

r) ObosHaunm o = 1"'2—\/3, B = a+ 1. JTorkaxkuTe, 9T0 MHOKECTBO TTap BUAA (N, d,) COBIAMAET ¢ MHOJKECTBOM Tap
Buna ([ka]+ 1,[kG]+ 1) u ([kF] + 1, [ka] + 1), e k — nesioe HeoTpHIATENBHOE THCIIO.

3. Pycre | — npomsBosibHAs KacaTedbHad K BOHCAHHOW OKpyIKHOCTH Tpeyroibhuka ABC' ¢ mentpom I, a TodYKH
Ay, By, Cy — Touku mepecedenus | ¢ MpAMBIME, TPOXOAANNME depes3 | mMapasiaebHO ODUCCEKTPHCAM COOTBETCTBYIONINX
BHemHuX yrios. [lokaxkure, yro npamere AA;, BBy u C'C mepecexkarorcsa B oHON TOUKe.

4. Kacarenbubie B Toukax A u (' K onucaHHOl OKPYKHOCTH W OCTPOYTOJIBHOTO Tpeyroibhuka A BC' mepecexkarorcs B
touke F. Buyrpnu tpeyrombuuka BF C mammack Takaa touka K, uro LZKFB = /KBC = ZKCF. Touka L Ha cropone
AB rakoBa, uto LLCB = ZBF(C. Hokaxute, aro npamad BK gemur orpesok LC' momosam.

5. Bayrpu tpeyrospuuka ABC' BRIOpaHB W30TOHAJIBLHO compakeHHBle Touku P uw Py. Ppamwe AP, BP, C'P
mepecekatoT npameie BC, CA, AB B Toukax A, By, €7 coorBercrBenHo. [loKa)kuTe, 94TO MpAMBIE, CHMMETPIHIHBIE
npambeiMm APy, BPy, C'P; otHocutenbuo npameix B1Cy, C'1 A1, A; By coOTBETCTBEHHO, MEPEcEeKAIOTCA B OOHOI ToUKe.

Cepust 14b, unciaoBo-KoMOUHATOPHAS
—1. Pycts 2" £ 1 — mpocToe gnciio, Gonbiiree 3. Jlokaxkure, 9T0 3 — KBAIPATHIHBI HEBRIYET 110 MOIYJIIO .
p—1
0. Hokamxmure, 910 mpw (k,p) = 1 BEpHO paBEeHCTBO Y (ﬂfpﬁl) =-1.
=0

1. Parypasbhble uucia a u b takossl, uto a? + b? + 1 mequrcs Ha ab. Jlokaxure, uTo a) % =306)anb
BXOIAT B MOCJIENOBATENBHOCTE dnuces Pubonaddn.

2. PocraenoBarenbuocthb {a, } cocTouT U3 HATYpajbHBIX duces, Menbiuux 2008, npudem miis aobbix n, m € N quciio
@ + Ay JEJIUTCHA HA Upym. JJOKaKNTe, YTO JaHHAA HOCIENOBATETBHOCTD EPHOINYHA.

3. CymectByer sm Takasd HenpepbiBHaf dyHKmua f : R — R 9ro ee 3HaYeHHe B KaXKIOW palnmoHAJIBHON TOUKe
HPPAINOHAIBHO, a 3HAYeHNe B KaXKIOW MPPaIMOHAIBHON TOUKe PAIMOHAIBHO?

n—1 p—1

4. Pycts n € N, 1 < n < p, p — IpocToe HEYETHOE UNCTO, Sy = (%) usS=> 52

y=0 =0

a) Hokaxure, uro S = (p—n)n. 6) Pycrs m € N, n = [/p], m+ 2n < p. Hoxaxure, uto B pagy m,m+1,...,m+
2n — 1 ecTh KBAIPATUIHBIN HEBBIYET IO MOIYJIIO P.

5. PaccMmoTpum Bee HaBOPHI Yuces u3 MHOXKecTBa {1,2,...,n}, He comepxaliue cocenuux duces. [Tokaxure, 4To
CyMMa KBaJIpaToB MPOM3BeIeHNil unces B aTnX Habopax pasHa (n + 1)! — 1.

6. Nrops paccMaTpuBaeT BCEBO3MOZKHBIE YIIOPATOUEHHBIE TTAPHI MOJIMHOXKECTB JAHHOTO N-3J€EMEHTHOIO MHOXKECTBA.
PaccMoTpeB KaKIyio mapy, OH 3alUCHIBAET YHCIIO 3JIEMEHTOB B IEPECEUeHUE HTUX MOAMHOXKecTB. Kakoe dmcio Oymer
3ammcano 6oJbIle Bcero pas, Korma Urops sakonant?

7. PocienoBareabHOCTE {a, } ompeneseHa clIeAyoMEMA YCJIOBUAME: a1 — | | ap41 = a, + f/a,]. Joxkaxute, aTo
B 9TOl MOCIEMOBATENBHOCTH OECKOHETHO MHOTO TOYHBIX KYOOB.

8. Mokasxkure, 9ro He cymectByer Takoit dbyuxumn f: N — N garo f(f(f(... f(z)...)) =+ 1 (f npumenserca f(x)
pas). (Ykasanue. PaccMoTpuTE MOCTENOBATENBHOCTD Gn = f(dp_1) W JOKaXKWTE, 9TO B Hell Bce HaTypasbHBIE UHCIIA
BCTPEYAIOTCA POBHO MO OTHOMY Dasy ).

9. Pycrs | — npowsposbras npamaza, M, N u P — toukm nepecedenmns npamoit | ¢ npameivu AB, BC u AC
tpeyroabauka ABC, a M1, Ny u N — Takue Toukn Ha npamoii [, uro LM OM, = LZNON, = LPOP; = 90°. Hokaxure,
aro npameie ANy, BP; u C'M; nepecekaorcsa B oiHOIl TOUKe.

Cepusa 15b, okonuarenbHas u DecmoBOpOTHAS

1. Pacemorpum dbynkuuio f: R — R, f(z) = 23 — 3z. dokaxure, uro f(f(f(f(f(f(f(x))))))) npurnmaer kakoe-To
3HavYeHNe He MeHbIme 2008 pas.

2. Hokaxmure, uro uynciao 5100 4 575 4 550 4 525 4 1 — cocrasnoe. (¥Yraszarnue. Ecnn ba — ToUHBIH KBagpaT, TO IHCIO
at + a® + a? + a 4+ 1 packjanpiBaeTCa HaA MHO}KI/ITeJII/I.)

3. a) Pa KoopaMHATHON MJIOCKOCTH OTMEYEHBI TIeJIble TOYKHN, HHKAKHe TPU 13 KOTOPHIX He KOJUTMHEAPHBI, TaK, 4To
MEHTP TAZKECTH JIOO0TO TPEYTOJIBHUK a ¢ BEPIIMHAMHE B OTMEUYHHBIX TOYKAX He ABJAeTCHA IMeabiM. Kakoe mambosibinee
KOJUYIECTBO TOUEK MOKET OBITH OTMEYEHOT

6) B mpocTpaHCcTBe OTMeUeHB 37 MEIBIX TOYEK, HUKAKHE TPH U3 KOTODBIX He JIeKaT Ha OgHOH mpaMoii. JTokaxure,
9TO W3 HUX MOJKHO BRIODATH TPH W3 HUX TaK, YTO MEHTD TAKECTH 0OPA30OBAHHOTO UMW TPEYTOJIBHUKA ABJIAETCHA IEJIOH
TOYKOM.

4. Muorousnenst P(z) n Q(z) TakoBsl, uTo BhINOMHAETCHA ToXKAecTBO P(2? — 2+ 1) = Q(2? + x + 1). [Toxkaxure, 4to
oba MHOTOUJIEHA — KOHCTAHTHI.

5. a) Pycts p, q, r — HemocToAHHBIE JHHelHbIe dyHKINN. [ToKaxunTe, 9T0 XOTA OB OAMH TPEXUIEH pq + r, qr + p,
pr + q UMeeT KOPEHb.

6) Pycts p1, pa,...,pn — HEMOCTOAHHBIE JuHeliHble byHKIUu. JloKakKWTE, YTO HE MeHEe N — 2 MHOTOYJIEHOB W3

Habopa (p1p2 - . -Pn-1 + Pn), (P2P3 - -Pn +P1)s--., (P3p4...p1 + p2) HMEOT KOPEHD.



6. 71 TOMOKMTENBHBIX YUCeN T, Y, 2 JOKaXKNTe HepaBeHCTBO v/ & + /y + ¥z > ryz.
1
8. Touxka M maxommrcsa BHyTpu auamerpa AB okpykuocTm S, HO He COBIAIAET C €ro meHTpoM. Po omay cropony
oT nuamerpa AB Ha OKPYKHOCTH 5 B3ATH ABE Pa3jndHesl ToYKU P u () Tak, 9Tobsl otpesku PM u QM obpazoBbiBasu
¢ AB pasuwie yrisl. [lokaxkurte, 9T0 Bce Takume TpaAMble P () MPOXOaAT Yepes OMHY TOUKY.

7. HokaxuTe HepaBeHCTBO A duces ®Pubonauun {/ fnp1 > 1+



