Bamaun C.-Ilerepbyprckoi jgerHe# mkodansl 2008 1., crapriinast rpynma A
BerynurensHast omumMnuana, 7 asrycra 2008 r.
1. Kakoe HauboJblilee KOMMIECTBO HATYPATBHBIX YHCENT MOKET CTOATH B PAJM, eciin cyMMa JiioOsix 17 dmcesn mompam
geTHa, a J00bIX 18 dmcen moapsAm — HEYETHA 7
2. JokaykuTe, 9TO TpHU JOOBIX BENIECTBEHHBIX &, Y, 2 BBIMOJIHAECTCA HEPABEHCTBO

sinz cosysin z + cosxsinycos z < 1.

3. Touka D — cepemuna croponsl AC' tpeyrompuuka ABC', Touka F nexur wa ctopone BC. Orpesku AF u BD
mepecekatorca B Touke B, u AE = BC'. okawxkwure, uto BF = E'F.

4. Da maxMaTHOW TOCKe CTOAT HECKOJBKO melek. JlokaxmuTe, 94To Halimerca “KpecT”, B KOTOPOM CTOUT HEYETHOE
gucyo neniek. (KpectoM MBI HasbiBaeM obbeINHEHIE BEPTHKAIN I TOPH3OHTAJIN. )

5. B ctpame 2008 ropomos. Kaxmpiii Topod cBA3aH aBUAJUHUAMHA ¢ HEKOTOPBIMU IPYTUMH, MPUIeM 1A KaXKIOTO
ropojia YNcJI0 HCXOAANNX W3 HETO aBUaHHui ecTh cTenenb aBofiku (1, 2, 4, 8, ...). A KamI0ro ropojia CTaTHCTHK MO/
CYNTAJT KOJIMIECTBO MAPIIPYTOB U3 3TOTO TOPOa B IPYTHE ropoia, MMEINX He OoJbile oaHol nepecanku. lokaxmuTe,
9TO CYMMa BCEX MOJIyYeHHBIX duces He MoxkeT 6Tk paBHa 2000000.

BuiBonnbIe 3a1a9n

6. OxpyxHOoCcTh mpoxonuT depes Bepuindabl A m C' octpoyroibrHoro Tpeyroiabinka ABC u mepecekaeT CTOPOHBI
AB un BC B toukax D u F. Toukn D nu F; cuMMeTpudHBI ToukaM [) B F COOTBETCTBEHHO OTHOCHTEIHLHO OCHOBAHIII
BBICOTHI TPEYTOJbHUKA, OnylieHHONH Ha cTopory AC. Dpamere C'D m AFE; nepecekaiorcsa B Touke K. [loxkazxure, 910
LAKC = LABC.

7. DalimuTe Bce Haphl IPOCTHIX WHCENI p U ¢ TaKme, uTo p> — p+ 1 = ¢°.

8. Da octpose kuByT 90 primapeit u 10 HOpMAIBHBIX J0Hell. DBIapH BCETIa TOBOPAT MPAaBIY, & HOPMAJIbHBIE JTIOIN
MOT'YT TOBOPHUTH KaK MPaBIy, TaK U JIOXKb. Da3zpeliaeTca BHOpaTh JI060e MHOKECTBO KHUTEIER OCTPOBA U CIIPOCUTH JII000-
ro abopureHa, eCTh JIM B 9TOM MHOYKECTBe HOpMaJibHBIe JToau. [lokaxuTe, 9To 3a 10 BOMPOCOB MOZKHO rapaHTHPOBAHHO
HaliTH X0TA OB OAHOTO PHITAPA.

Cepus 1, pasMuHOIHAS

1 (On-6). OkpysKHOCTB TpoXOANT Yepes Bepumubl A n C' octpoyroibroro Tpeyroiabanka ABC 1 mepecekaeT CTOPOHBI
AB un BC B toukax D u F. Toukn D nu F; cuMMeTpudHBI ToukaM [) B F COOTBETCTBEHHO OTHOCHTEIHLHO OCHOBAHIII
BBICOTHI TPEYTOJbHUKA, OnylieHHONH Ha cTopory AC. Dpamere C'D m AFE; nepecekaiorcsa B Touke K. [loxkazxure, 910
LAKC = LABC.

2 (On1-7). Daiiaure Bece maphbl IPOCTHIX YUCE] p U ¢ Takue, uTo p? — p+ 1 = ¢>.

3 (On1-8). Da ocrpoe xuByT 90 poinapeii 1 10 HOpMATBHBIX Jonel. DbIapy BCerma roOBOPAT MPaBLy, & HOPMaJib-
HBIE JTFOQM MOTYT TOBOPHTH KaK MpaBIy, TaK W JIOXKb. Da3peliaerca BHIOPaTh JI000e MHOMKECTBO KHUTEJEN OCTpoBa U
CIIPOCHUTH JIIOOOTO abopUTeHa, €CTh JIM B 3TOM MHOYKECTBE HOpMaJibHbIe Joau. [lokakure, ¥To 3a 10 BOMPOCOB MOIKHO
rapaHTHPOBAHHO HANTH XOTA OBl OOHOTO PHITAPA.

4. Mausl HATypasibHOE Iucyo k u MHOoToUeHbl P(2) 1 Q(#) ¢ nemsiMu Koaddunmenramu. W3BecTHo, 9T0 MpH JTI060M
nesioM z aucio P(Q(z)) — x nemurcsa wa k. Hokaxkure, aro uncyao Q(P(x)) — & Toxe meautcs Ha k TpH JIOOOM TEIOM
z.

5. Da croponax AB, BC' u AC octpoyronbHoro tpeyroabauka ABC Bribpanbl Toukn C', A’ m B’ cooTBeTcTBeHHO
tak, uro tpeyroabankn ABC u A’B’'C’ coorBercTBeHHO MOmobHBI. [okazxmTe, uTo opToneHTp TpeyroabHnka A’ B/ C’
COBITAJIAET C MEHTPOM ONMHUCAHHOW OKPYKHOCTH TpeyroabHuka ABC'.

6. Da mpaMoil maHBl gBa OTPe3Ka. DaliiuTe reoOMETPUYECKOE MECTO TOYEK, W3 KOTOPBHIX OHU BUIHBI MO PABHBIMI
yIJIAMH.

7. a) Hokaxure, uto 22° + y> > 322y nna seex z,y > 0.

6 6 6
6) Kakoe HanMeHblllee 3HAYECHIE MPHHAMAET BBIPAKEHIE % npu x,y,z > 07
8. Iokaxure, uto mMuorousen suga axr'® — az® 4+ ba® + cx” + ... + kz — &5 ne moxker umerb 10 pasiumuHBIX

HOJIOKHUTEIbHBIX KOPHEi.
9. DaccMOTPUM MHDOMKECTBO BCeX orpaHmueHHBIX dyHKuid w3 R B R co caemyroumm paccroaumem: d(f,g) =
sup{|f(z) — g(x)|}. Hokraxkure, 9T0 5TO METPUIECKOE TPOCTPAHCTRO.

Cepust 2, MHOTOYJIEHUCTAS
2n°43n41

ERENRT HokaxknuTe, 9T0 OHAa WMeeT Tpened B R u

10. DocnemoBaTeqbHOCTD YHCEN 3ajaHa GOPMYJION Z,
HallauTe ero.

11. B MeTpUUIeCKOM MPOCTPAHCTBE TOCJIEA0BATENBHOCTD {&y } CXOAUTCH K TOYKE &, a MOCIeI0BATEIBHOCTD Y, | — K
rouke y. Hokaxwure, 910 |€,yn| — |2y

12. Dyctb A — OTKPBITOE MHOZKECTBO, B — 3aMKHYTOE MHOZKECTBO B METPHUUIECKOM MPOCTpaHCcTBe. JlokaxmuTe, 94TO
a) A\ B orkpsIiTo; 6) B\ A saMkHyTO.

13. Dyctb A — MIOAMHOKECTBO METPHIECKOTO IPOCTPAHCTBaA. Ero sambikaruem HA3BIBA€TCA MHOZKECTBO BCEX TOUYEK
MPOCTPAHCTBA, KOTOPBIE ABJIAIOTCA MPEIEIaMy MOCIeI0BATENBHOCTE, Jexanux B A.

a) DafimuTe 3aMBIKAHIE OTKPBITOTO KPYTa Ha MJIOCKOCTH.

6) Hokaxure, 9T0 3aMbIKaHHE JIOOOT0 MHOKECTBA 3aMKHYTO.

14. Dycrs P — MHOTOUIIEH ¢ MeabiMu Koahdunmerntamu. M3BecTHO, o ipu Kaxmom n = 1,2, ...,2008 sHauenue
P(n) — Tpexsnadnoe HaTypasabHOe qucio. [JokaxknTe, 9To P HE MMeeT MesIbIX KOPHEH.



15. Denocrosannble MHOTOWIEHB P(z) m (Q(Z) ¢ KOMIJIEKCHBIME KO3(DUIIHEHTAMI TaKOBBI, UYTO HX MHOKECTBA
KOMILIEKCHBIX KODHEH COBIAIaloT, a TaKiKe COBIAJAI0T MHOXKECTBA KOMILIEKCHBIX KOpDHell MHorowteHOB P(z) — 1 m
Q(z) — 1. ToraxkuTe, 9T0 5TH MHOTOUJEHBI DaBHBI.

16. Dycrh f — MHOTOUIIEH ¢ TenbiMu Koaddburnmenramu. M3BecTHO, 94To ypaBHenue f(r) = & He uMeeT pelreHnii B
nenbix uncaax. Hoxaxkure, aro ypasuenue f(f(f(x))) = « Toxe He NMeeT pellleHnil B MEIBIX INCIAX.

17. Dycrs [ — MHOrOWIEH ¢ BelllecTBeHHBIME Koadbdunnentamu. WMaBecTHo, 9T0 ypaBHeHue f(r) = x He mMeeT
pellleHnii B BEleCTBEHHBIX dnciax. Jokamutre, uro ypasuenne f(f(f(#))) = & Toxke He mMeeT pellleHUH B BENIECTBEHHBIX
TUCTIAX.

Cepus 3, comep¥kalasi BaXkHbIe HIEH

18. DaccToAHNEM OT TOUKN & IO MHOMKeCTBa A B METPHUIECKOM TpocTpaHcTBe (obosnadenue: dist(x, A)) HaspiBaeTca
TOYHASA HUMKHsA TPaHb PACCTOAHUN MeXkay x u Toukamu u3 A. 3adukcupyem MHOKeCTBO A U omnpemenuM (DYHKITUIO
f: X — R pasencreom f(z) = dist(z, A). Joxaxkure, 9To oTa QYHKIMA HEIPEPHIBHA.

19. Dycrs Y — mommpocTpaHCTBO METPHYECKOTo mpocTpancTBa X. Dycth A — MHOKecTBO B Y. [lokaxure, uro A
OTKPBITO B MTPOCTPAHCTBE Y Torma U TOJIBKO TOTHA, Koraa B X CyIIECTBYET TaKoe OTKPBIToe MHOKecTBO B, uto A = BNY'.

20. AB - xopma okpyxuocTu S. OkpyxHOCTH S U Sy KacaloTcd OKpYKHOCTH S B TOYKax P u () COOTBETCTBEHHO
u orpeska AB B touke K. Oxkasasock, uro LPBA = ZQBA. Hokaxute, uto AB — nmamerp okpyKHOCTH S.

21. DasmmIHbIE TMPOCTHIE THCIA P U ¢ TAKOBHL, ITO IPH HEKOTOPOM IedoM k > 2 wmcio p? + kpg + ¢7 — Tounbrit
kBazgpar. Joxkaxkure, ato (p— 2)(¢ —2) < k + 2.

22. 9ycTh p,q — mpocThie yucia, ¢ > 5. lokaxkmure, ato ecau gucio 2F 4+ 3P kpatHO ¢, TO ¢ > p.

23. Dyctb P(x) — MHOTOUIEH ¢ MesnbiMu Koaddunmentamu, P(z) > 0 upu # > 0. DociaenoBaTeqbHOCTD dg, @1, da,

3amaHa cooTHOImEeHnAMI ag = 0 0 a, = P(an—1) mpu n > 1. JTokaxunTe, 9To 14 JTOOBIK HATYPATBHBIX 1, k

a) (an,ar) = A(n k), DO CKODKHM 0603HAYAIOT HAaMOOBINHH OO JeInTeD;

6) Ant1Gn42 - . Gntk JETUTCH HA d10s . . . Q.

24. DycTb f — HEMOCTOSTHHBI MHOTOUJIEH ¢ TIebIME Koo dunuentamu. Jlokaxure, 9T0 cpef TPOCTHIX JeuTenel
aucen f(1), £(2), f(3), ..., HalimeTca ducio, Goblilee MIJLIHOHA.

25. Dyctb A — MHOKECTBO BeeX DECKOHEUHBIX MEJOUNCIEHHBIX MocenoBaTebaocTeli. Kaxmol mociaenoBarebHO-
cTi § € A comocTaByieHo nesioe uciao f(s) Tak, 4To

1) f(s+1t) = f(s) + f(t) nna mobeix mocnenoBaresbHOCTEl 8,1 € A;

2) ecain B HOCJENOBATENBHOCTH § BCE UIIEHBI, HaUWHAA ¢ HeKoToporo, pasubl 0, To f(s) = 0.

Hoxazxknre, aro f(s) = 0 a1a Bcex s € A.

26. DycTb a, b, ¢, d > 0. Jokaxkure, 910 a) 4

a b c d .
btet+d + ctd+a + dta+tb + atbte z 3

a b c d 2
b+2c+3d + c+2d+3a + d+2a+3b + a+2b+3¢ Z 3"

6)

27. B mHekoTopoM si3BIKe Bcero nBe OyKBBI: ¢ u b. [IBa citoBa 03HAYAIOT OMHO W TO YK€ B TOM U TOJIBKO B TOM CJIyYae,
ecyI WX MOYKHO MOJYYHUTH APYT W3 APYyTa BBIYEPKHBAHUEM WJIH BCTAaBKOW B MPOM3BOJLHBIE MecTa BbIpaikeHuil aa, bbb,
win 3aMeHolt ab Ha bba m obpaTHO. CKOJBKO B 9TOM A3BIKE PA3JINYHBIX 3HAYEHUI CITOB?

Cepus 4, rje HYXKHO IPUMEHUTH TEOPHIO

28 (Teopema 0 BIIOKEHHBIX KOMIIAKTaX). DycTh A1, As, As, ... — GecKoHEUHAA TTOCIETOBATENBHOCTE HEITYCTHIX KOM-
MaKTHBIX MHOYKECTB B METPUYECKOM [IPOCTPAHCTBE, IPUYEM KaXkKI0€e CIeNyIollee CONePKUTCA B Ipenbiayem: A, 11 C A,
npu Bcex n. JlokaxkuTe, 4TO mepeceveHne BCEX PTUX MHOYKECTB HEIYCTO.

29. DYa MWIOCKOCTH JHaHO OTPAHUYEHHOE MHOZXKECTBO, COCTOsAlIee n3 bostee ueM onuoil Toukm. JlokaxmuTe, 9TO Cpemn
(3aMKHYTBIX) KPYTOB, COIEPIKAIINK 9TO MHOKECTBO, HAWIETCA KPYT MIHIMATIBHOTO PAIHyca, IPUIeM eTHHCTBEHHBIH.

30. a) Tanst n € Nu P > 0. JJokamRuTe, 9T0 CPEAN BCEX BHIMYKJIBIX MHOTOYTOIBHIKOB, Y KOTOPBIX TEPUMETD PaBeH
P u wucio Bepurmn we Gomblie n, HaliAeTcAd MHOTOYTOJIBHUK MAaKCAMAJIBHON MIONIAIN.

6) HokaxunTe, 9T0 MHOTOYTOJNBHIK W3 MYHKTA &) — 5TO MPABHJIBHBIH n-yrONbHEK.

B) (M3onepuMeTpudeckoe HepaBeHCTBO) JToKakuTe, 4T0 I JT0OOT0 MHOTOYTOIBHIKA BHIIOTHAETCA HEPABEH-
ctBo P2 > 4xS, rne P — mepumerp, S — MJIoaIh.

31. Da ocuopanuu AC' tpeyrospuuka ABC' B3aTel Toukn M u N Tak, 4TO paauychl OKPYZKHOCTEl, BIUCAHHBIX B
tpeyroibaukn ABM u C'BN | paBubl. okaxurte, 9To paamychl OKpYyKHOCTell, BIUcaHHBIX B Tpeyroabauku ABN u
CBM, Takxke paBHBHI.

32. Da oxpyxuoctu S BeOpansl Toukun A u B. Touka (' — cepenmna onnoit m3 nyr AB, a D — HeKoTopad TOYKa
orpeska AB. OkpyxHOCTH 5] KacaeTcs orpeskoB BD (B Touke Bi), C'D u orpyxuocTH S. OKpyKHOCTH Sz KacaeTcH
IpoAoNKeHHA oTpeska AB 3a Touky B (B Touke Bs), okpyxkHocTH S (B Touke K ) u mpomoszkennsa orpeska C'D 3a ToUKy
D. Hoxkasathb, uto £ B K By — npamoii.

33. B n-sIeMeHTHOM MHOYXKeCTBe BHIOpaHo 27! pasImTHBIX IOIMHOYKECTB, T06ke TPH I3 KOTOPHIX HMEIOT HellyCToe
nepecevenne. Jokaxure, 9T0 Bce 3TH MOAMHOMKECTBA UMEIOT HEIIYCTOE TIEPECETEHNE.

34. JlaHo n pasiuYHBIX HATYPAJIBHBIX YHCE. Da MOCKY BBIMNCAJIN BCE UX MOTAPHBIE HAUOOIbIINE OOIINe JeTUTETH
U HauMeHbIe obine KpaTHbie. [loKayKuTe, 9TO Cpefy BHITUCAHHBIX UUCEJI €CTh HE MeHee N PA3INIHBIX.

35. Dapa pasIUYHBIX HATYPAJIbHBIX YHCE] HA3BIBAETCHA XOPOIIER, eCu y HUX OMUHAKOBBIE HAOOPHI MPOCTHIX [TEJIH-
renefl. JTokamnTe, 9TO CYIUIECTBYeT GECKOHEUHO MHOTO XOPOIIMX Hap wuces (m,n) and KoTopkix mapa (m + 1,n+ 1)
TaKJKe ABJIAETCA XOPOIIEH.

36. Dyerb a1 =0, as =2, a3 = 3, ap = An_2 + dp_3 TpH n > 3. [JoKaxKuTe, ITO OPH JTIOOOM MPOCTOM p UNCTIO dyp
JIETUTCA HA P.



Cepus 5, He TOJIPKO PO YHUCIIA

37. Dycth p — npoctoe gucao. OUpeaesinM p-aJudecKoe PacCTOAHNE MEKIY TeIbIMI ducaamMu dopmytoit d(a, b) =
pl—k, rie p* — HambosbIIaA CTeTleHb p, HA KOTOPYIO JeiuTcsa qucio a — b (B ciaydae a = b momaraem d(a,b) = 0).  a)
Hoxrazknte, 9T0 7, ¢ 9TUM PACCTOAHHEM — METPHUECKOE IPOCTPAHCTBO.  0) fABIAETCH I OHO MOTHBIM?

38. Dycre X, Y — merpuyeckue nmpoctpanctBa. Orobpaxenne f : X — Y HasmBaeTCA PABHOMEPHO HENPEPBIEHBIM,
ecau jas aoboro € > 0 Hailmercs takoe § > 0, uro s gobbix Touek x, &’ € X rakux, uro |za’| < &, BepHO, 4TO
@) ()] <.

a) DpuBeIUTE MPUMEP HEMPEPBIBHON, HO He paBHOMEPHO HenpephiBHOM dbyakmnu f: R — .

6) Hokaxure, 910 Ay KoMIaKTHOTO X J06oe HempepbiBHoe otobpaxenne f : X — Y paBHOMEPHO HENPEPHIBHO.

39. [okayuTe, 9TO CyMMa PacCTOAHIII OT TOYKH BHYTPH TETPasApa 0 €0 BEPIINH HE MPEBOCXOIUT CYMMBI JIJIHH
pebep.

40. Darypanbroe k TakoBo, 4To uncio p = 2°F + 2% 4+ 1 — mpocroe. lokaxure, uTo a) p ABJIAETCA AEJTUTETEM TNCITA
22°41 _ 1; 6) k — crenens Tpoliku.

41. DarypanbHBE UHCTA ¢, b, ¢, d YAOBIETBOPAIOT paBeHCTBY a? 4+ b7 + ab = ¢? + d? 4 ¢d. doXaKuTe, UTO UHCIO
a4+ b+ ¢+ d cocraBnoe.

42. M — HeKOTOpOe MHOKECTBO TMPOCTHIX YHCEN, B KOTOPOM OOJIbIlle OIHOTO 3iieMeHTa. VI3BECTHO, 9TO IJIA BCAKOTO

KoHeuHOTo mopMHOoKectBa N C M wmcno ( [[ k) — 1 mmeer mpoctsie mesmrenn Tosbko ns M. [Hokaxure, aro M

keEN
COBIIaJacT C MHOZKECTBOM BCEX ITPOCTBHIX YUCEJI.

43. B crpaHe n ropomos u 2n — 1 mIOpor ¢ OAHOCTOPOHHNM IBHIKEHWEM (KaiKIad JOPOTA COSAMHAECT IBA TOPOMIA,
JOPOTH He TepeceKaroTcs). V3BeCTHO, 9TO U3 JII0OOTO ropojia MOKHO J0eXaTh Mo qoporaM B joboil npyroit. Tokaxure,
YTO MOKHO 3aKPBITh OJHY HOPOTY TaK, YTO HTO CBOWCTBO COXPAHUTCS.

44. Da oxpyxuocTu ormedeno 100 Touek. [l Kaxmoil mapbl ToUeK, Iyra MeEKIY KOTOPHIMEU He mpeBocxomuT 60°,
MPOBENTH COSAMHAIONMNN WX 0Tpe3oK. KakoBo MEHUMAJIBHO BO3MOYKHOE TUCIIO OTPE3KOBT

45. Dycrb Oxyz — OpSAMOYTOJbHAS CHCTEMA KOOPAWHAT B MPOCTpaHcTBe, M — KOHETHOE MHOYKECTBO TOYEK MPO-
crpaucrsa u My, My, M, — MHOXKecTBa OPTOrOHAJIBHBIX HpoeKuuil Bcex Todek M ma miaockoctu Qyz, Ozx, Oxy
cooTBercTBenHO. [lokaxkure, ato |M|? < [My| - |My| - |M.|.

Cepust 6, pasnoobpasHasi

46 (DpuHIHUI CKUMARIMX oToOpamennit). Jyctb X — Mmerpndeckoe mpoctpanctBo. Orobpamenne f @ X — X
HA3BIBAETCHA CHCUMAIOWUM, eCITl cyliecTByeT Takoe ¢ < 1, aro |f(z) f(y)] < ¢|zy| ana mobeix z,y € X.

a) Toxkazkure, 9To oboe cRUMAaolIee 0TOOPaKeHNE MOTHOTO MPOCTPAHCTBA B ceba NMeeT HEMOABIKHYIO TOUKY, TO
ecTh Takyio TOYKy &, uro f(z) = .

6) Dpusenute npumep bynknnn f : R — R, He uMeoniell HEMOABHIKHBIX TOYEK W YIOBJIETBOPAIOIIEH YCIOBHIO
|f(z) — f(y)| < |z — y| mna mobBIX PAsIUIHBIX & U Y.

47. Jlokaykure, 9T0 KOMIAKTHOE METPHIECKOE TTPOCTPAHCTBO HE MOKET OBITH H30METPUIHO CBOEMY TOAMHOXKECTBY,
OTJIMIHOMY OT HETO CAMOTO.

48. Ya croponax AB u AC tpeyrombauka A BC' BEIOpaHbl TOUKE () U P COOTBETCTBEHHO TaK, YTO TOUKA IEPECEUEHU A
otpeskoB BP u C'Q) nexut na buccekrpuce AL yrma A. Dpu stom LAPQ = LALB. [loxkaxure, uto P — buccekTpuca
yraa APB.

49. Ypo HaTypaJbHBIE YHUCIA @, b, ¢ U d W3BECTHO, 9TO a;_l‘_"cb = d. Nokaxure, uto d < b+ (¢ —1)2.

50. 9ycrb a,b € N. [lokaxuTe, 9T0 €CIU IUCIIO a;btbf 1eJI0€e, TO OHO PaBHO 5.

51. Hau muOTOWIeH F(#) ¢ meabiMu KoadbuimenTaMi, IpHIeM H3BECTHO, 9T0 LA JT06oro mesoro n dncio F(n)
JETUTCA Ha OTHO U3 MEJBIX UYUCENT (1, A2, . .., Uy . JOKAKHTE, 9TO U3 DTUX YHCET MOIKHO BRIOPATH OIHO UHUCJO TaK, 9TO
F(n) 6ymetr nennThcs Ha HETO HJid JFOOOTO TETOTO N

52. Bospacralolias MocIef0BaTeIbHOCTD HATY PATBHBIX qnces obagaeT ceayomnMu ceofictamu: (i) ags, = an +n;
(ii) ecom a,, mpocToe, TO U N — mpoctoe. JToKaKHuTE, 9TO dy = N IJIA BCEX N.

53. Yazosem JabupurTOM HaxmMaTHyio mocky 100 x 100, rme MeK Iy HEKOTOPBIME TOJAMHU BCTABJIEHBI TEPETOPOIKH,
HO TaK, 4TO JIaJbd MOKET MEPEIBUTATHC 110 BCEll TOCKe, He MEPENPHITUBAA UePES MEPErOPOAKH. D0 KoMauae BYOIABO
JIadbA CMEINAaeTCA Ha OIHO MOJIe BIIPABO WJIH, €CJIH CIIPaBa Kpail TOCKH WJIH MEPETOPOIKA, OCTAETCH Ha MECTE; AaHAJIOTHIHO
pemosaATcAH kKoManasl BJIEBO, BBEDX u BoN3. Koneunyto mocieqoBaTeIbHOCTD TaKHX KOMAH HA30BEM IPOTDaM-
Mmofi. Jlanbl nBa JabuUpUHTA, B KAaXKIOM CTOUT Jaabd. [loKazKuTe, 9TO eCTh MPOrpaMMa, BBITOJIHUB KOTOPYIO, KakKIad
JlagbsA OKazKeTcd B BepxHell mpaBoil KjeTKe cBoero mabupuHTa.

Cepus 7, B KOTOPOd MHOTO KOMOMHATOPUKHA

54. a) okaxuTe, 9T0 B HEJOUHCIEHHONR CETH (TO €CTh BCe MPOMYCKHBIE CIIOCOOHOCTH — MEJIble YHUC/Ia) Cpead MaK-
CHMAJIBHBIX TIOTOKOB CYHIECTBYET MEJTOUUCTIEHHBIN.

6) Dycrs (S1,71) n (S2,7T2) — MuHEMabHBE paspessl B cetn (. Tokaxkmnre, 910 paspes (S; U Sz, Ty UT,) Toxke
MUHUMAJIEH.

55 (BepmmuHas Teopema Menrepa). lan rpad, B HeM BBHIOpaHBI HeCMe)KHBIE BepHIMHBI ¢ un b. Dycrs k € N.
HokaxKuTte, 9T0 CHEOYIONINE IBA CBONCTBA PABHOCHJIBHBIL:

(i) CymectByer k myTeli w3 a B b, He UMEOUMX APYT ¢ IPYTOM OOIINX BEPIINH, KPOMe @ 1 b.

(i) Opu ymanenun jobbIX & — 1 BEPIINH, OTJIHIHBIX OT @ U b, B rpade coOXpaHAeTcA XOTA OBl OANH TYTh U3 ¢ 1 b.

56. Buyrpu octpoyroibroro Tpeyroibiuka ABC' Beibpana Takas touka K, uto LAKC =2/ABC, u AK/KC =
(AB/BC)?. Touku A; u Cy — cepenunnt croporn BC' u AB. JlokaxuTe, uTo Touka K JIEXKUT HA OMUCAHHOI OKDYKHOCTH




Tpeyroabauka A BCY.

57. Huaronanu BnucaunHOro YeThipexyroabanka A BC D nepecekatorcs B Touke . Dpaveie AB u C'D nepecexarorcs
B Touke P, npameie AD u BC — B Touke (). Dpamaa PFE nepecekaer BC' B Touke X, mpamas QJF nepecekaer AB B
Touke Y. [okaxkmure, 90 oTpe3ok XY TPOXOIUT Yepes TOUKY TepeCcedeHnsa cuMequan Tpeyronbauka ABC.

58. DycThb x,y, n — HaTypajbHble yucaa, n > 1, 2™ + 1 = y*+L. Nlokaxwure, uro (z,n + 1) > 1.

59. dokaxute, 970 A JI0OOT0 MHOTOUIEHA p(2) cremenn Gosblie | ¢ neasMn KosdbuimenTaMn HallieTcsa Hemo-
CTOSHHAA MEJIOYNCIeHHaA DecKoHeuHada B 00e CTOPOHBI apudMeTnIecKasd IPOrPeccud, KOTopad He COIEPKUT HU OTHOTO
wiena suga p(k), toe k € Z.

60. B mosHOM Tpade ¢ n BepmimHaAME BRIOpAJIN HEKOTOPOE HEPEBO C N BEPIIMHAMHI W MOKPAacHIu ero pebpa B IBa
nBeta. /lokaxkure, 9T0 OCTaNbHBIE peOpa MOXKHO JOKPACHTEH B 5TH K€ IIBETa TaK, YTOOBI B JIIOOOM TPEYTOJIbHUKE OBIIO
HeveTHOe Yncyio pebep meera 1.

61. Kaprtuunas ramepes nMmeeT GopMy HEBBIIYKJIONO MHOTOYTOTIBHUKA (CTOPOHBI MHOTOYTOJBHWKA — 9TO CTEHBI
rajepen). g mobuix Tpex Todek A, B n C, jekamnx Ha cTeHax rajepen, Hafimercsa Touka X, W3 KOTOPOH BUIHBI I
A, u B, u C (10 ectb orpeskn X A, X B u XC' conepzkarca B MHOTOYTOIbHIKE). [ToKaknTe, 9TO B Tajepee ecTh TOUKA,
w3 KOTOPOli BUIHA OHA BCA.

Cepus 8, HA BBIXOITHOU

62. a) lan cBaAsHBI rpad, He ABIAOIIKACA THKIOM HedeTHOI muHel. JIokaxkuTe, 910 €70 pebpa MOKHO PACKPacHTh
B JIBa IBETA TakK, YTOOHI K JI00OOI BEPIINHE CTENEHN HE MEHBIIE IBYX MPUMBIKAIn pebpa 00ouX IBETOB.

6) Dycrs G — gBymonbHbIi rpad. dokaxkure, uro x'(G) = A(G), roe x'(G) — pebeproe XpoMaTnvecKoe 9HCIIO,
A(G) — MmakcnManbHad CTeNeHb BEPIINH Tpada.

63. Han rpad. Dycts d — MUHEMAaJbHAA CTENEHb €ro BepuimH. JlokaxkwnTe, 9To ero pebpa MOIKHO PACKPACHUTH B
d — 1 uBet Tax, 9ToOBI K JI000M BepIINHE MPUMBIKAIN pebpa BCex IBETOB.

64. X — kommakT, orobpaxkenne f : X — X rmakoBo, uro |f(2)f(y)] < |ry| maa mobeix pasmudHbx 2,y € X.
Hoxkaxure, 910 y f ecTh HEMOABUKHAA TOUKA.

65. DarypasabHble YnCIa pasbUTE Ha HECKOIBKO apiudMeTHIeCKNX Mporpeccii (Kazkaoe IHCII0 TPHHAITERKAT POBHO
onHofl w3 HUX). JJoKamuTe, 9TO CPenN STUX Mporpeccuii HafilyTca nBe ¢ OAMHAKOBOH PasHOCTHIO.

66. B rpadcrBe MeXK Iy HEKOTOPBIME yCaabbaMu yCTAHOBJIEHO OIHOCTOPOHHEE WJIH IBYCTOpOHHee coobiienue. [lo-
KazKuTe, 9YTO CYIECTBYET ycaabba A co ciemymonuM cBOicTBOM: u3 Ji060il ycamapbel, 70 KOTOPOit MOKHO Joexarh u3 A,
MOJKHO BEPHYThCA B A.

67. B MHOXKecTBe, COCTOAIIEM W3 1 JIEMEHTOB, BBIOPAHO 1 + | MOAMHOZKECTBO, KaXK[I0€ W3 KOTOPHIX COMEPIKUT
HEYETHOE YHCJIO 3JIeMeHTOB. JloKaxKuTe, 9TO TepeceveHre KaKWX-TO IBYX M3 HUX TAK¥Ke COHEPIKUT HEUETHOE UHCIIO
BJIEMEHTOB.

68. Touka P maxommTcs BHE OKpPYXKHOCTH ¢ meHTpoMm (. Dpambie {1 u {y mpoxomaT depes Touky P, mpuuem fq
KacaeTcd OKPYIKHOCTH B Touke A, a {2 mepecekaeT OKpyKHOCTEH B Toukax B u . KacareiabHble K OKPYKHOCTH B TOYKAX
B u C nepecekatorca B Touke X. [lokaxure, uro AX u PO neprneHInKyIAPHBI.

69. Dycrh 0 — nepecranoBka Ha MHOXecTBe M = {1,2,...,p — 1} (tme p > 2 — mpocroe gncio). Hokaxure, 9To
IJIA HEKOTODBIX PA3NNYHBIX 4, j € M BoINONHAETCA cpaBHenue io(j) = jo(i) (mod p).

70. B mByx ypmax jgexuT 2p + 1 map. KaXayio ceKyHIy TOJOBHHA IIApOB U3 TOW ypHBI, TOe JEXKUT UeTHOEe
KOJUYECTBO MIAPOB, MEPEKIAIBIBAETCA B IPYTIYIO YPHY. IyCcTh k < 2p + 1 — HEKOTOpPOe HATYpAaJIbHOE YHCJIO, U UW3BECTHO,
qro unucaa p u 2p 4+ 1 — npocteie. [lokax)uTe, 9T0 paHO WM MO3MHO B OXHON U3 ypH OymeT POBHO k NIapos.

Cepus 9, ¢ IPpOU3BOIHOU BIOJIb BEKTOPA
71. a) B mpocrpanctee R3 nana touka A. Dacemorpum bynkmuio f(X) = [AX|. lokaxure, 4To ee MpousBogHas B

touke X # A BIONB BEKTOpa v paBHa |v| - cos v, THE @ — yroa MexIy BekTopamu v i AX .

6) Buyrpu terpasapa ABC' D mauutach Todka X, B KOTOPOH CyMMa PacCTOAHWN O BEPIIMH JOCTUTACT MHHHMYMa.
Hoxaxure, uro LAXB = ZCXD.

72. 9ycth a, b, ¢ — Harypaabhele uncaa. a’ + b2 + ¢? gemmted Ha a + b + ¢. JloKaxuTe, UTO KaKHe-TO IBa M3 THCE
a3, b3, ¢® maloT ooWHAKOBEIE OCTATKN IPH HeJeHHH Ha a + b + c.

73. s mobbix HATYPAJbHBIX YUCET 1 > M JOKAKHUTE HEPABEHCTBO

2mn

[man]+[m+1an+1] > T
vn—m
rae [¢,y] — HauMeHblee obliee KpaTHOE YUCET & U Y.

74. Iloxazxure, 9T0 AJifA JIOOOTO HATYPAJIBHOTO YUCTIA ¢ CYIIECTBYET OECKOHEYHO MHOTO HATYPAJBHBIX 1, TAKUX UTO
anciio @ + 27 — cocTaBHOE.

75. B mabope uncesn a, b, ¢ K OqHOMY U3 9nCeJT pa3pelieHo J00aBIATh PASHOCTE MEKAY ABYMSA IPYTHME, YMHOKEHHYIO
Ha moboe pammonanbHoe dncao. Jokaxute, ato n3 Habopa 0, 1,v/2 menpsa momyants mabop 0,2, 1+ /2.

76. ¥ ®enn ecTh TpW MAJNOUKH. ECIW W3 HUX HENMb3A CIOXKNUTL TpeyrodbHNK, Pend yrRopaumBaeT camMyio JJIMHHYIO
w3 MajoveKk Ha CYMMY [JIMH ABYX APYTuX. Ecim ginmHa majouku He oOpaTusiiach B HYJIb U TPEYTOJBHUK CHOBA HEIb3:
CJIOKUTH, T0 Pend MOBTOPAET ONepanuio, u T.10. MOKET Ji 3TOT TPOIECC MPOAOIKATHCA DECKOHETHO?

77. U3 roukn A k mannoii okpyxuocTH S mpoBeneHbl KacaTeabhbie AB u AC. Da cpenneil JIUHUE TPEYTOJBHUKA
ABC, napamnensuoit cropone BC', Buibpansl Toukn X u Y. OTpeskn KacaTeJdbHBIX U3 ToUeK X w Y K S MepeCcekInch
B Touke /. JloKaKuTe, 9TO IeTHIPpeXyroiabHuK AX 7Y — ommcaHHbIii.



78. Ypodeccop Tapanrtora chopmynrupoBasa n onpenesennii cenyaerus. AcnupaHTsl mpodeccopa Mo OYepenu 3a-
NIMIAIE grccepranun Ha Temy: “CellyiieHrne B CMBICJE i-TO ONPENEIEHUA ABJIAETCA CEIMYJEHUEM B CMBICTIE j-TO OIIpPe-
neneHna’ . DPHU PTOM HUKaKad M3 AUCCEPTAINil He CJemOBajia W3 3alUIIEHHBIX panee. Kakoe Hambosblllee KOIMIECTBO
JMUCCEPTAIUil MOTJIH 3alIUTUTH acnupaHnThl TaparTorn?

Mat6oii: rpynmna CT-A nporus kpykkKa 10 kJjacca.

1. Hokamxute, 410 ecian MHOrougeH f(x) HeoTpumareneH Ha oTpeske [0, 1], TO ero MOMKHO MpPENCTABUTH B BIUJIE
f(z) = zp(x) + (1 — x)g(x), THe MHOTOUJIEHBI p U ¢ HEOTPHIATEIBHBI Ha [R.

2. Dycrs A, — MOCIEHOBATENBHOCTD MOMAPHO MTEPECEKaoNuXCa MHOYKECTB HATYPAIBHBIX YHCEN, KaXKI0e U3 KO-
TOpHIX comepkuT He HGosee 2000 snementor. [lokaxkure, 9T0 CyIMIECTBYET KOHEYHOE MHOYKECTBO B HATYPAJIBHBIX UHCETT
TaKoe, 4To MepecedeHne TOOBX OBYX MHOKecTB A; m A; (1 < 4,j < o0) comepXHUT XOTA OBl OIUH 3JIEMEHT MHOKECTBA
B.

3. Da IIOCKOCTH OTMEUYEHO HECKOIBKO (3aMKHYTBIX) KPYTOB TaK, UTO KaxkKIad TOUKA CONEPKHUTCA He Dosee deM
B CTa OTMEYEHHBIX Kpyrax. JlokaxmuTe, 9TO HaliieTcda OTMEUYEHHBI KPYT TaKoil, 9TO ero mepecekaeT He Hosee dem 699
JIPYTUX OTMEYEHHBIX KPYTOB.

4. DarypanbHoe 9HCIO0 p TaAKOBO, IT0 umcio 4z% 4+ p — mpoctoe maa moboro & = 0,1,..., p— 1. DaiizuTe Bce Takme
p.

5. Da mpamoil 3agan orpe3ok. Todka »Toro oTpeska HA3BIBAETCA XOPOIIEil, eciim oHa JubO COBNATAET ¢ OIHUM U3
KOHIIOB 3TOT0 OTpe3Ka, Mo NeIUT Kakoi-HubyIh OTPE3OK ¢ XOPOIIMMHI KOHITAMH B OTHOIIEHNH OZWH K TPEM (cUamrTasd
cleBa WK cupasa). [JokaxuTe, 9TO cepelrHa HCXOTHOTO OTPE3Ka — He XOPOIIad TOIKa.

6. B crpame 100 ropomoB. DeKoTopble Tapbl TOPOIOB COEIUHEHBI JTOPOTaMU, HO HUKAKOW Topoid HE COEMMHEH CO
Bcemu. W3 mioboro ropoma B siobolt Apyroit MOKHO JoexaTh, 3ae3iKafd MO Aopore He Gojee, 4eM B omumu ropoxa. Kakoe
HamMEHBIIIee KOJIMIECTBO JOPOT MOZKET OBIThH B ®TOi cTpaHe?

7. Brnucawmas B ocTpoyrosibabiil Tpeyroibauk A BC' okpyKHOCTH w KacaeTca cToporsl BC' B Touke K. Touxka M —
cepenmia BHICOTH A Tpeyronbauka, npamMas K M BTOPWYHO TepeceKaeT OKPYKHOCTE w B Touke N # K. JlokaxmuTe,
9TO ONMUCAaHHAAd OKPYZKHOCTH TpeyroiabHuka BC'N kacaeTca OKpPYKHOCTH W.

8. DaiinnTe BCe HEMOCTOAHHBIE MHOTOWIEHBI p(x) U ¢() ¢ METBIMH HEOTPUIATENBHBIME KoabduIneHTaMn, I1s
koropsix 2°(") — 1 mesures na q(n) TpW Bcex HATYDAJTBHBIX 7.

9. B tpamenuum ABCD touka M — cepenumna GokoBoii ctoponsl C'D, Touka P — cepemuna BM, Touka () —
cepenmaa AM. IokamnTe, 9To TOYKa HepecedeHuA npaAMbIX D@ n C'P jgexur (CTPOTO) BHYTPU UETHIPEXYTOJBHUKA
ABCD.

10. Denpepoisaas dyukuus f : [0,1] — [0, 1] TakoBa, uro mms moboro € [0, 1] Halinercs HaTypasdbHOe k Takoe,
97O f°(k)(x) =0 (f°(k) — 70 k-as urepanna bynknnu f). Jokaxkure, uro HafimeTcsa Takoe k, He 3aBHCAIIEE OT .

Cepust 10, ¢ HeaBHOU byHKIHEH

79. Han yron AOB. Do ayay OA ot touku O ¢ eqUHUYIHON CKOPOCTHIO ABUKeTcA Touka X. Touka Y mBuxkercs
mo sayay OB rtax, uro mepumerp TpeyroiabHuka QXY ocraeTcsa MOCTOAHHBIM.

a) JTokasKuTe, 9T0 3aBHCHMOCTD JUTHHBL 0Tpeska OY 0T BpeMeHN — TiaaKad GYHKIWA, i BHIPASHTE €e MPOU3BOIHY O
gepes o = L0XY u = Z0Y X.

6) DaccmoTpuM mwomanb Tpeyroasanka OXY kak dyHKumio ot BpeMenn. JIoKaxkuTe, 9TO ee MPOU3BOAHAA 00pa-
maeTcs B HOJMIb ToJbKo pu OX = OY.

80. Kaxgux umcen or 1 mo 1000000 Gombime: Tex, KOTOpble MPeACTABAAIOTCA B BHAe 2¢° — 3y’ AId HEKOTOPHIX
HaTYPaJbHBIX ¥,y HIH TeX, KOTOphe IpeicTapadioTcd b pume 102y — 2 — y? 10714 HeKOTOPHIX HATYPANbHEIX Z, Y7

81. Jloxaxmure, 94T0 Ha pebpax JOOOTO BHIIYKJIONO MHOTOTPDAHHWKA MOZXKHO TaK PAcCTaBUTh CTPEJIKH, 4TOOBI B
KazKIyIo BEPIIUHY BXOIUJIO He Hojiee TpeX CTPEJIOK.

82. DepaBHobenpennbiit Tpeyroiabauk ABC' Brucan B oKpykKHOCTH ¢ nenTpom (. KacarembHas K OKpPYKHOCTH B
Touke A mepecekaet npamyo BC' B Touke Ay, anajgoruuno onpenenaorca Todkn B u (. Hokaxwute, uro Ay, By n (]
JiexkaT Ha ofHOI mpaMoil, meprnenaukyaapuoi OL, tme L — Touka mepecedeHns CUMEINAH.

83. Brnucammas okpyxuocTs Tpeyroibanka ABC kacaerca ctopon BC, AC' m AB B Toukax Ay, B; u C7 cooTBeT-
crBerno. okaxute, 9To npamad Ay By U mpAMble, colepiKaline ONCCEKTPUCY yIvia A U CPeIHIOI JIMHNIO, TTAPAJIIEIbHY IO
AC', mepecekaroTca B OOHOW TOYKE.

84. IloxkazuTe, 4TO JIA TMOJOKUTEIBHBIX dncest a, b, ¢ u d, Takux 910 a + b+ ¢+ d = 1, cupaBegIuBO HEPABEHCTBO

1 1 1 1
+ + +
I—Va 1-vb 1—-+ec 1-+/d

85. Mokaxkure, 9TO ecau MHorousneH f(x) meorpumareneH Ha orpeske [0, 1], To ero MOKHO HMPEACTABHTH B BHIE
f(z) = zp(x) + (1 — x)g(x), THe MHOTOUJIEHBI p U ¢ HEOTPHIATEIBHBI Ha [R.

86. DemnpepriBras byukmua f : [0,1] — [0, 1] rakoBa, 4ro muas mwoboro ¢ € [0, 1] nalinercs HartypasbHoe k Takoe,
97O f°(k)(x) =0 (f°(k) — 70 k-as urepanna bynknnu f). Jokaxkure, uro HafimeTcsa Takoe k, He 3aBHCAIIEE OT .

Cepwusi 11, uynciia npocTble U HE OYEHBb

87. DycThb a U M — B3aUMHO MPOCTHIE HATYPaJbHBIE ducia. [lokaxkuTe, 9T0 KOJUIECTBO PElleHn CpaBHEHUS &
(mod m) pasHo sm6o 0, mbo cTenenn TBORKM.

88. Dycrhb p1,ps,Ps3, ... — BCe TPOCThIE YHCJA, MEPEYUCIEHHBIE B TOpAAKe BospacTanusa. [lokaxwuTe, 4TO TpH
JIOCTATOYHO OOJIBIIOM 72 BHITIOJIHSIETCS HEPABEHCTBO

1 1 1 10.
a) T=1/py T=1/ps " T=1/pn = 1077

> 8.

2

Il
a




6) (144) (14 4) - (14 &) > 100
B) - o o > 101

89. HokaxwuTe, 4To B JI060M OECKOHEUYHOM MOAMHOZKECTBE HATYPAJIBHOIO PAa HaliAyTCA IBa 3JIEMEHTA, CYMMa
KOTOPBIX UMEET IPOCTOR JAeTUTENh, OONBIIN MUIIHOHA.

90. Keagparusrii Tpexdnen f(z) = ax’+bxr+c c nenpimu KoaddbunnenTamMu obaIaeT TAKUM CBOHCTBOM: IJIA JIIOGOT0
HATYPaJBLHOTO M HafimeTcsa HaTypasibHOe X Takoe, uto f(z) memurca Ha m. Jlokaxkure, 9o f(x) UMeeT pannoHaIbHBIH
KOD€EHb.

91. B octpoyrosbsroM Tpeyronbaunke ABC' orMmedena Takad Touka Ay, uro LBAA, = LOCBA; w CAA; = LBCA;.
Touku By u Cy onpenenstorca anagorndno. Hokaxute, o Touku Ay, By, (1 U OPTONEHTDP TPEYroJbHUKA JEXKAT HA
OIIHOM OKPYKHOCTH.

92. Bricorer AA; u C'Cy octpoyrosbaoro Tpeyroabanka ABC nepecekatorcsa B Touke H. Da cropore AC Hamiach
Takad Touka L, 4ro oTpesok AilL menmrcsa momosam BeicoTolt C'CY, a orpesok CyL menmrcsa momosam BeicoTolt AA;.
Hoxaxure, uro HL 1 OH, rme O — mneHTp onucanHoit oKpyKHOCTH Tpeyroibuuka ABC.

93. KakoBo Hamboblllee BOSMOIKHOE KOJIMIECTBO TOAMHOKECTB 100-271eMEHTHOTO MHOKECTBA MOZKHO BBIODATH Tak,
9TOOBI KaXK/I0e W3 PTUX MOAMHOZKECTB U MEPeCedeHre JTIOOBX ABYX W3 HUX COMEPIKAIIO YETHOE KOJUIECTBO DIIEMEHTOBT
Cepust 12, moHemHory obo Bcem

94. Yncna x,y, 2 € R TakoBbl, uTo & + y + 2 = 22 + y? + 22 = 1. okaxmure, ato x4+ y> + 23 > g.

95. Dyctb k — marypamproe uncio. s xammoro meioro n ot 0 mo 3 ofosmaumm wepes b, cremenn Tpo#ikm c

3k
HambOTBITIM TIOKa3aTesieM, Ha KoTopyio gemutca guciao C. Daiimute cymmy ) i.
n=0

96. Muorousen f creneHu n ¢ MeabIMu KOspdUIMNEHTAME UMEET NI PA3TUIHBIX BENIECTBEHHBIX KOpHel. Muorouien
g ¢ nenasiMu Ko3ddUuueHTaMu MeeT POBHO ommH obmnii Koperb ¢ f. Jlokaxure, 9TO TOT KOPEHb — PAlMOHAIBHOE
YUCITO.

97 (obobiennan Teopema o 6aboure). Toukn A, B, C, D nexar Ha OKPYKHOCTH. DpAMasd, cogepKaman xopay XY
3TOl OKpYyIKHOCTH, TepecekaeT mpamMble AC' 1 B B ToOYKax, CHMMETPUIHBIX OTHOCUTENBHO cepenutbl X Y. Hokaxure,
aro Touku nepecedenud XY ¢ AD u BC' Toxe cHMMETPUIHBI OTHOCUTENBHO cepenuubl XY .

98. Brimykuisrit uersipexyronbank A BC'D takos, uto LZABC = ZADC = £135°. Da nyuax AB u AD 3a Toukamu B
u D jgexat Toukn M n N coorBeTcTBeHHO Takue, 4to ZMCD = ZNCB = 90°. Ouucantbie OKpYKHOCTH TPEYTOJTBHAKOB
AMN u ABD mnepecekatorca B Toukax A mw K. [Hokaxkmure, ato ZAKC = 90°.

99. 9ycrh a, b, c — BekTOPH Ha miIockocTu. Jlokaknte HEPABEHCTBO

la| + [b] + |e| +|a+b+c| = a4+ b+ |b+c|+ |a+cl|

100. B xaxmoii kiaeTke TabAUIBI 1 X N HAIMCaHa HEKOTOpad OYKBa, IPU 3TOM BCE CTPOKH JAHHON TaOIUIBI PA3ITMIHEI.
HokaxKute, 9T0 CYyIMECTBYET CTOJOEI, TPU BHIYEPKUBAHUN KOTOPOTO CTPOKH OCTaBlleiica TabIHIBl MO-TIpeKHeEMY OYIyT
Pa3IUIHBIMA.

101. 9pu ynamsenun us rpada ai060ii BEpIUIHHBI OCTATbHBIE BEPIINHB MOXKHO Pa3OUTh Ha Tapbl cMeXKHBX. Jlokaxure,
9TO depes Jo0YI0 BEPIINHY 2TOTO rpada TPOXOIUT MUKJ HEYETHON IJIMHBI, BCE BEPUIMHBI KOTOPOTO PA3IHYIHHI.

Cepus 13: cBeieHWs U3 TEOPHUA TUCEST

102. 9ycTh p — HEYETHOE MPOCTOE YUCIIO.

a) Dyctb p = 4k + 1. Jokaxure, 410

2% (26)!=2-4-6-... -4k = (=1)" - (2k)! (mod p).

6) Hokaxkure, uto ecam p = 8k + 1, 10 2 — KBagpaTHUHBIl BBIYET MO MOIYIO p, a ecyim p = 8k + 5, 1o 2 —
KBaJIPATHIHBI HEBBIUET 1O MOIYJIIO P.

B) JokaxuTre, 970 2 ABAAETCA KBAAPATHIHBIM BBIYETOM 1O MOIYJIO P TOTAA N TOJBKO TOTIA, KOTAA P TAeT OCTATOK
1 wm 7 mo momyJtio 8.

r) i KaKuxX OPOCTBIX P UNCO —2 ABJIAETCA KBAAPATHIHBIM BEYETOM O MOIYIIO p?

103. a) Dycrb p = 8k + 1 — npoctoe. Jlokaxure, uro p = x? + 2y* nis HeKoTOphiX z,y € IN.

6) HoxazknTe, 910 9uca0 Buga 8k 4+ 1 ABIAETCA TPOCTHIM TOTIA U TOJBKO TOTIA, KOTA OHO €IHHCTBEHHBIM CIIOCOGOM
npencTapuMo B Bue 2 + 2y?, e x U y — B3aHMHO IPOCTHIEe HATYpAJbHBIE UHCTA.

104. Hokamxmute, uro ¢(a” — 1) menurcsa Ha n i JOOBIX HATYPAIbHBIX ¢ > | un > 1. (Hepes ¢ obosnagaerca
dbyurmma Ditnepa: ¢(m) — 570 KOJNIECTBO HATYPATIBHBIX YHCENT OT | 10 1M, B3aUMHO IPOCTBIX C 11.)

105. DociiemoBaTeIBHOCTD @1, G2, . . . 33AAETCA CIEAYIONIM 00pa30M: @, — 3TO HAUMEHBbIIEE HATYPATBHOE UUCIIO, HE
BCTpeYalollleecd CPENH IUCET a1, ..., Gp_1 ¥ TaAKOE, UTO a1 + a3 + ...+ a, AeauTca Ha n. JloKaKuTe, 9TO

a) B MOCJIENOBATENBHOCTH a1 — |, az — 2, ag — 3, ... BCTpeYAIOTCA BCe TETble YNC/a O OJHOMY Dasy;

6) B MOCJIENOBATENBHOCTH @1, (g, A3, .. . BCTPEUAIOTCA BCe HATYPaJbHBIE YHCTa (IO OTHOMY Dasy);

B) €CJU dp = M, TO Uy, = N.

r
BHA

ObosHaanM o = 1"'2—\/3, B = a+ 1. JTorkaxkuTe, 9T0 MHOKECTBO TTap BUAA (N, d,) COBIAMAET ¢ MHOJKECTBOM Tap
[ka] + 1, [kG]+ 1) u ([kB] + 1, [ka] + 1), rae k — nesioe HeOTPHUIATENBHOE THCIIO.
Cepust 14, kombuHaTOpHAS
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106. Darypanbhble uncaa a u b TakoBbl, uto a’ + b% + 1 mesurcs Ha ab. Jlokaxure, 4To a) a"'abib"'l =3,6)aunb
BXO/IST B MOCJEIOBATEIBHOCTD ducess Ouboraddn.

107. Dyerw x1, ®9, ..., T, — MOJOKUTENbHBIE dnchaa. JlokaxnTe, 910
2 2 2
! ) Tn
oot ——<n-1
224 2 2 =
7 23 X5+ 2324 Ty + 2122

108. CymectByer au takas HenpepbiBHad Gyukmua f : R — R, 410 ee 3HadeHme B Ka)KIOH palMoOHAIBLHON TOUKe
HPPAINOHAIBHO, a 3HAYeHNe B KaXKIOW MPPaIMOHAIBHON TOUKe PAIMOHAIBHO?

109. Ya mirockocTH B BepIIMHAX MPABUJIBHOTO N-YIOJbHUKA CHAAT TapakKaHbl. OHH OMHOBPEMEHHO HAYWHAIOT IBU-
raTbCA CO CKOPOCTBIO ¥ TI0 CTOPOHAM MHOTOYTOJBHWKA, KaZKIBI B CTOPOHY COCEIHETO MO YacoBOW CTpeske TapakKaHa,
1 TMPOIOJIZKAIOT ABUTATHCA PABHOMEDHO U MPAMOJIMHENRHO. D0 HEKOTOPOH TpAMOIl HA IMJIOCKOCTH PaBHOMEPHO CO CKOPO-
CTBIO U] ABHIKeTcA »HTOMOJOr Bacsa. Uepes HekoTOpOe BpeMsa OKa3ajioch, 9T0 Bacsa pasmaBmi Tpex TapakaHoB. [loka-
JKUTE, 9TO ¥ = V1.

110. dokaxuTe, 9TO €CJoU MHOTOYTOJBHUK MOKHO PasbuTh Ha JOMUHOIIKA (MPAMOYTONBHUKE | X 2), T0 XOTA OBI
OITHA W3 €r0 CTOPOH MMEET YETHYIO [LITHHY.

111. Hau cBasHeiil rpad ¢ YeTHBIM 9HCIOM BepiinH. [ToKaknTe, 9TO U3 HETO MOKHO yOpaTh HECKOJIBKO (BOSMOKHO,
HOJIB) pebep Tak, 9TOOB B OCTaBIIeMCH I'pade CTENEeHH BCeX BEPIINH OBLIN HEYETHBI.

112. Da mIockoCcTH OTMEYEHO HECKOJBKO TOYEK, W3 KaZKIOW IMPOBEMEHB TPU Jyda, HE MPOXOIANINX YepPe3 APYyTrue
OTMedYeHHBIE TOUKH. JloKaxuTe, 9T0 00acTH, HA KOTOPBIE Pa3sbmIach MIOCKOCTh, MOZKHO IPABIJIBHO PACKPACHTh B TPH
IBETA.

113. Da miockocTu maHbl ABe 3aMKHYThIEe 15-3BenHbBIE JIoMaHbie. Bce 30 BeplimH JOMAHBIX PA3TUIHBI U HUKAKHUE
TPU U3 HUX He JIeXAT Ha OfHOW mpaAMoili. JlokaxwnTe, 9T0 MOKHO BBIOpATh B KaXKJOH JIOMaHOW MO OMHOMY 3BEHY Tak,
9TOOBI BEIOpAHHBIE 3BEHBA OBLIN MTPOTUBOMONOKHBIME CTOPOHAME HEKOTOPOTO BBHIMIYKJIOTO YETHIPEXYTOIBHUKA.

Cepusa 15, okonuaresabHas 1 6€eCIOBOPOTHAS

114. Touxka M wmaxomurcsa BHyTpu muameTpa AB OKPYKHOCTH S, HO HE COBIAIAET C €TI0 MEHTPOM. DO OTHY CTOPOHY
oT nuamerpa AB Ha OKPYKHOCTH 5 B3ATH ABE Pa3jndHesl ToYKU P u () Tak, 9Tobsl otpesku PM u QM obpazoBbiBasu
¢ AB pasuwie yrisl. [lokaxkurte, 9T0 Bce Takume TpaAMble P () MPOXOaAT Yepes OMHY TOUKY.

115. Muorousnens P(z) u Q(z) Takosbl, 4to BhINOAHAETCA ToXaecTBo P(2? — 2 + 1) = Q(2? + = + 1). [lokaxkure,
910 0H6a MHOTOUJIEHA — KOHCTAHTHI.

116. U3 kapToHA BRIpe3aHBI Ba ONMHAKOBHIX MTPAaBMWILHEIX 111-yrosbanKa. BeplinHBI KAk AOTO W3 HUX 3aHYMEPOBa-
HBI grcaaMn oT 1 go 111 B mponsBosbHOM mop:aake. [JoKaknTe, 9T0 WX MOYKHO HAJOKUTH ONUH Ha ApYToll (BOSMOIKHO,
[EPEBEPHYB) Tak, 9TOOBI HIKAKHE [IBE BEPIIMHBI C OINHAKOBBIM HOMEPOM HE COBIIAJIH.

117. HokaxkmuTe, 9TO B BBIMYKJBI MHOTOYTOJIBHUK ILIOMALN S W MepuMeTpa P MOYKHO MOMECTHTH OKPYIKHOCTH

S
paamyca 5.
118. Ilokaxkure, 4TO Ijid JIOOBIX MOJOKUTETBHBIX YUCET A1, A2, - - ., 4, BEPHO HEPABEHCTBO
2 2 2
a a a
T+ 2 ) (1+2) . (1+2) >0 4+a)(I+a)...(1+a,).

a2 as ay



