Berynurenbuas onmumnuana, 7 asrycra 2006 r.

1. DalimyTca M TpHW TAKUX PasIMYHBIX MOJIOKHUTENBHBIX YUCHA @, b U ¢, 4To ypaBHeHHA ax + b =cu z/a + 1/b = 1/c nmeror obmmii KopeHb?

2. Bce HaTypasibHbIE NEIUTENN HATYPAJIbHOTO YKuciia d 3aHyMepoBaJil B IopsAnke BospacTanusa: d; < do < d3 < .... Okasajock, uto dy+deg+d7; = d.
Dalinure ncno d (HepevncnuTe BCe BOSMOMKHOCTH).

3. B Beinyksiom naruyronsanke ABCDE cropona AB pasna cropone AFE, a cropona BC' pasHa cropone DE, Touka F' — cepenuna orpeska C'D.
Hokaxure, uro eciiu AF L C'D, to Touka nepeceuenus npambix BD u C'E mexur Ha npamo#t AF.

4. Kaxpaa us 55 y4acTHHI KEHCKOIO cOOpaHHMA HallUCalla, Y CKOJIBKHX U3 IIPHCYTCTBYIOIIMX BOSPacT (YHCIIO MOJIHBIX JIET) HE COBIAMAET C ee
BospacToM. K ux yKacy okasaliock, 4TO KaXkIas HallUcajla UMeHHO cBoi BospacT B romax! KakoBo Hanbosblnee KOIMYECTBO PA3iINYHBIX YUCETT MOLIIO
BBITEH CPeNH HAIMCAHHBIX BO3PACTOB?

5. Hokamure, uro uucio 2°% 4+ 1 MOXKHO MpeNCcTaBUTh KakK NPOM3BENEHHE TPeX HATypasbHBIX YMCEN, GOMBIINX 1.

6. MozxkHO 5 paspesaTh KBaJpaT Ha KOHEYHOE YHCIIO PaBHOOENPEHHBIX TPeYTOJIbHUKOB C yIyiaMy 75° MpU OCHOBAHUAX 7

7. Quuika MOXKeT HaXOOUThCs B omHol m3 169 Touek (x; y), roe x u Yy — uensle dncia, 0 < 2 < 12, 0 < y € 12. Oumka Moxer NoHTH M3 TOUKH
(#1,y1) B TOUKy (22,Yy2), TONBKO eciu Kaxknoe s 9ucen |21 — @2l [£1 — yo|, [y1 — @2, |[y1 — y2| He MenpmE mBYX U He Gomnbue meparn. okamwure, aro
dunka He Moxer oboliTu Bce 169 Touek, MoOBIBAB B KaXKAOH M3 HUX POBHO IO pasy.

8. Da oKpyKHOCTH, Kacawolelica cropor yrita ¢ Bepumtuoil O, BHIOpaHbl IBE AMaMeTPaAIbHO IPOTUBOIOJIOXKHEIE ToUkH A n B (oTandnBIe OT Todek
kacaxun). KacaTenpHas K OKpyZKHOCTH B TouKe B mepecekaeT cTopons! yria B Toukax C u D, a npamyro OA — B touke E. lokaxure, uro BC = DE.
Cepus 1, MOTHBUPOBOYHAA

1. Kaxmoe us HaTypasbHBIX YHCelN a, b, ¢ u d genuTca Ha HarTypajbHoe unciio ab — cd. Hokaxure, yro ab — cd = 1.

2. Apudmermueckas Mporpeccus, COCTOAMAaA U3 HaTyPaJibHBIX YUCEN, CONEPXKUT TO4HbIH KBampar. [lokaxure, 4To oHa CONEPKUT OECKOHEYHO
MHOTO TOYHBIX KBaJPaTOB.

3. Dalinure HauMeHbIllee HaTypalibHOE YKCIO, Gosbiiee 1, KoTopoe mo Kpalinelt mepe B 600 pas Hosble KaKIOrO CBOErO MPOCTOrO MESTUTETA.

4. DpocTele YUCa P, ¢ ¥ HATYPAJIbHOE YUCIIO N YIOBJIEPAIOT COOTHOIIEHUIO i + % + ﬁ = % Dalimure >THU YKCIa.

5. Jlane! mosoxuTensHble wnCa a, b, ¢, d. [lokaxure, uro ecn cd = 1, To Ha npoMexyTKe ¢ kKoHuamu ab u (a+ c)(b + d) Hafinerca mo xpalineii
Mepe OIMH KBaIpaT LEJIOro YHUCIa.

6. Jlokaxure, 4TO CymeCTBYeT OECKOHEYHO MHOTO HATyPaJIbHBIX YHCEJI, KOTOPbIE HEJIb3A MPENCTaBUTh B BUAE CYMMbl KBaIpaTa LEJOro YUCHa U
[IPOCTOTO YUCIIA.

7. DaryparibHble YHCIIA a1, 42, .. - , A, THe 7 32 12, Bee Gonbume 1 1 MeHbIme 9n2, monapHo B3aUMHO OpocThl. JlOKaiKuTe, 4TO cpenu HUX Hafimerca
[IPOCTOE YUCIIO.

8. Hoxkaxure, uro yncyo 5383109 4+ 40- 66 - 96 — cocTaBHOeE.

Cepus 2, npo pasjioXXeHUe Ha ...

1. Demnre B 1esbIX Yucaax ypabHeHne ab+ a 4+ b = 160.

2. Hokamxure, uro gncio 2100 4 3190 — cocrasmoe.

3. lokaxure, 94T0 92" _ 1 nemmrea a) Ha 3; 6) Ha 17.

4. Yernoe uncno U obnamaeT crenyomuM cBORCTBOM: €CIIM OHO AENUTCA Ha NpocToe 4ucio p, 1o U — 1 genurca wa p — 1. Hokaxkwute, yro U —
HaTypalibHasA CTEMeHb 2.

5. a u n — HarypanbHBle wncia. Hokaxure, uro a?" ! + (a —

6. Demmre B LeIbIX YHCHIaX ypasHenue 3" = y(y + 1).

1)"*? nepmrca ma a? —a + 1.

100
7. a) Toxaxwure, uto 28 + 1 gemmresa ma 3%, u 6) He menmuTca Ha 3102,
8. MuozxkecTBO A COCTOUT U3 HATYPAJbHBIX YUCEN, IpudeM cpemu mobbix 100 HAyIINX NOApALN, HaTypPaliIbHBIX Yuces ecTh yucio us A. Jlokaxute,
uro B A HallmyTcsa deThipe pasiMuyHBIX 4dncia a, b, ¢, d Takue, uto a + b = ¢ + d.

Cepus 3, no ciaenam Jukbesa

1. B ropome X wumeercsa 1000 xorTemxkel, B KaXKIOM U3 KOTOPBIX JKUBET [0 OOHOMY 4YesOBeKy. B omuH mpekpacHbifl meHb Kaxobiil demobek
IepeesKaeT M3 CBOErO HoMa B Kakol-nmbo mpyroff (mepeesn ocylecTBiseTca Tak, 9TO IOCIE HETO B KakKIOM JOMe KHBET ofinH Xuiel). lokaxure,
4YTO MOCIIE Mepeesfa MOXKHO Tak MoKpacuTh Bce 1000 xkorremskell cuneil, senenoll u kpacHoll KpackaMu, 4TOOBI ¥ KaXkKIOTO XO3AMHA LIBET €0 HOBOTO
IOMa OTJIMYAJICA OT [BETA CTAPOro IOMa.

2. Nmetotca nee crpanbl: Obfwunas u 3azepraave. ¥ Kaxmoro ropomna B Obwunoli crpate ectb " nBolHuk” B 3asepraave, u Haobopor. OnHako eciu
B Obwnnoli cTpaHe KakKHe-TO ABa FOPONa COeNMHEHBI XKejiesHol moporolt, To B 3aseprasve 5TH ropofa HE COENUHEHBI, a JOObIE ABAa HECOENMHEHHBIX
B Obwunoli cTpate ropoma obA3aTeNbHO COeNUHEHBI KejesHolt moporoft B 3asepraave. B Obfwunoli crpaHe meBouyka AJinca He MOXKET NMpoexaTh U3
ropoga A B ropon B, cmenaB MeHee nByx mepecanok. okaxure, uro Anmca B 3aseprasve CMOXKET Npoexarhb us Joboro ropofa B obolt npyroi,
crnernab He Gollee NBYX MEPECATIOK.

3. Hokaxure, aro 2001! + 2002" nenurca wa 2003. (nM =n(n —2)(n—4)...)

4. Pu PP+l 49 npocThle yucna. D akoure P.

5. Hoxaxmute, 9to ecrmn a? + ab + b2 nemuresa ma a + b, To at + bt nemurea wa (a + b)2.

6. a) B kpyxxke us 30 4esoBeK IpencTouT BBHIOpPATh Ha OvepenHOH yuebHBII ron crapocTy, BHLE-CTapoCTy H XyJINTaHa (COBMEIIeHHE MOJIKHOCTEN
He momnyckaercs). CKolbKEMHU clocofaMu 5TO MOIKHO CHENaTh?

6) A ecnn HyKHO BRIGpaTH 3 XyiUraHos?

7. B kaxpoll knerke kpampara 9 X 9 mocrapiieHa OfHa U3 OTIMYHBIX OT Hysd UUdp Tak, YTO Kaxknad uudpa BCTPedaeTcs B NEBATU KIIETKAX,
U PasHOCTb MEXKIY JIOOBIMU IBYM#A HHU(ppPaMU, CTOANMMU B ONHOM CTOJOIE, He npeBocxomuT 3. OGosHauyuM depes S HAUMEHBIIYIO U3 JIEBATH CYMM
YHUCEN], CTOAMIUX B OOHOM cToJOIe. D aliTu Haubosbllee BOSMOXKHOE 3HaYEHUE BEJIMYUHBI S NMPH BCEBO3MOXKHBIX PACCTAHOBKaX LUMD.

8. Dycrb a, b u n — Takue HaTypanbHble uncaa, uto a’® 4+ b% memmrca ma n u al®® + b0 nenurca ma n. Hoxaxwure, uTo a
NEJUTCH Ha n.

9. a) CymwecTByIOT 11 TakHe IPOCTHIE YHUCIa p U ¢, 9T0 pg = 7(p + )7

6) DemnTe B IPOCTHIX YHCIaxX ypabBHeHHe pgr = 7(p+ g +7)7?

Cepus 4. He 3abbiBaem o nukGese.

1. Hokaxure, 4TO CyIIeCTBYET HATypaJbHasd CTENeHb Yncila 3, OKaHYuBatomaaca mudpamu ... 0001.

2. a=b (mod m). Hokaxure, uro (a,m) = (b, m).

3. Jlokaxkure, 4To eciiu CyMMa ABYX HaTypasibHbIX uyuces paBHa 30030, To ux npoussenenue He menurca Ha 30030.

4. JokaxuTe, 4TO €CiU ¥ HATypaibHoro N

a) HeT IPOCTBIX HesuTedell, He IPEBOCXONAIINX VN, o N — poctoe;

6) HET NPOCTBIX HesuTesel, He IPEBOCXONAIINX YN, 1o moboii cobcrrennbiil gemutens N mpoct.

5. Hokamure, uro 11992 4 21993 4 4 19931993 peppresa na 1 +24+3 4 ... 4+ 1993,

6. a) Da KaKHe YHCIIa MOXKET OBITH COKpaTUMa Apobb Zz:g (B saBuCHMOCTH OT n)7?
a*+3a2+1

3+2a

1996 + b1996 TOXKE

6) Hdokamxure, 4To Opobs
7. Hoxaxure, aro [a, b](a,b) = ab npu Bcex HaTypasbHBIX a U b.
8. CkonbKuUME criocobaMy U3 Yucesl oT 1 [0 n MOXKHO BbIGpaTh k dncesn?

HeCOKpaTUMa IIPpUA BCeX HaTypaJibHBIX 4.



9. DecKosBKO KOMaH CBIrPai OLHOKPYroBoH TypHHp mo BoseHfony (B KOTOpOM, Kak H3BECTHO, He OBIBAeT HHYBHX). ODYIEM COBODHTB, UTO
komaHna A cunbHee koMaHnbl B, ecnu nubo A Beiurpana y B, aubo cymecrByer Takad KomaHma (', KoTopasa npourpasia A u Bbiurpaia y B.
JHokaxure, 9o nobepurens TypHEpa (TO ecTh mobad KoMaH[a, HabpaBIad HanOOIbIIee KOIMIECTBO OUKOB) CHIIBHEE BCEX OCTAJIbHBIX ).

10. B omHokpyroBoMm TypHEpe no Boselbosy ¢ ydacTuem 12 KOoMaHHm HE OfiHAa W3 KOMaHJ He oleprkaila POBHHO cemu mnoben. [lokamxure, 4To
Halinyrca tpu komaunsl A, B, C' takue, uyro A Beiurpana y B, By C,a C'y A.

Cepusa 5. Haubonbiuuii obmmii nenmrens U mp.

[abef  _  (ape)
1. Hoxamure, 410 roqp Gy = Goydaa

2. Dycrb {ay, } — NOCIENOBATENBHOCTD YHCEN, ONPENeNeHHaA paBeHCTBAMH a1 = 1, a, = na,—1 + (—1)". Hokaxure, 4To0 a,, menurcs Ha n — 1 mpn
n > 1.
3. Jly1si HEKOTOPBIX HATYPaJIbHBIX a ¥ b 4ncsio a';'l + % — nenoe. Hokaxure, uro (a,b) < Va +b.
4. (142)% = a + /2, e a u b — nenpte uncia. Hokamure, uto (a,b) = 1.
5. Dalinure (111...111,111...111).
T

m  ENUHUIl n EIUHUIL
n?—n42
2

6. B HekoTopoM rocymapcTBe roponoB. JIobble nBa ropoma coemmHeHbI NMUHO MpocesodHoil, mmubo moccelinoit moporoit. Hokawxwute, uTo
My TEeIecTBEHHNK CMOYKET, TIOJIb3YACh NOPOTaMU TOJIBKO OJHOTO THIa, IOCETUTH 12 TOPONOB, MOGCKIBAE B KarKIOM M3 HUX POBHO IO OJHOMY pasy.

7. DarypaibHble YHCIa a, b, ¢ TakoBbl, 4TO a’ menmuTcA Ha ¢, b° menmuTCA Ha a, a ¢ menuTcA Ha b. JloKalKuTe, YTO (a+b+ c)‘”’b"’c IenuTcA Ha
abe.

8. Dpo HaTypaJbHBIE YHCHIa T, Y B Z USBECTHO, 9TO (2 + 1)902 + 2 = 2% + y. Jokaxure, 4TO y — & ABJIAETCA TOUHBIM KBaIPaTOM.

9. Demmte ypasenne (z + 1)(z + 2)(z + 8)(x + 9) = y? B HenmbIx UKCTaX.

Cepus 6, nepBad coOBeplIeHHAA.

1. Ocran Denpmep opraumsosas B ropome Pykce pasmady CIIOHOB HacelleHHIO. D a pasfady ABHIIOCH 28 4neHoB npodcoosa u 37 He YIIEHOB, IPUYeM
Ocran pasmaBall CIIOHOB TIOPOBHY BCEM WyeHaM Npodcoio3a W MOpoBHY He uieHaMm. OKazasloch, YTO CYMIECTBYET JIMNIb OfMH crocob Takofl pasmadwm
(rax, 4ToGBI pasgarh Beex cioHos). Kakoe nanGosbmree ncsio cionos Morno Obitek y O.9enmepa?

2. Demmre B LeNbIX Yuciax ypasHenue a(a+ 1) = b(b + 2).

3. 10 Genbix m 20 4WepHBIX UIIEK DPACCTABIIEHBI MO OKPYIKHOCTH. Oa3pelraeTca MOMEHATh MecTaMu JoOble MBe (UITKH, MEKIY KOTOPBIME
croar eme Tpu dumkn. pe paccranoskn dumek (B nanHbix 30 ToYKax) HasOBEM SKBHBAJICHTHBIMHE, €CIIM OfHY M3 HHX MOZKHO IIEDEBECTH B OPYTYIO
HECKOJIBKUMHE TaKUMHU TepecTaHoBKaMu. CKOJIBKO CyIIECTBYET HESKBHBAJIEHTHBIX PACCTAHOBOK !

4. Yucro 4 obmanaer TeMm cBOHCTBOM, YTO MpU MENEHHH €ro Ha ¢2 MOy9aeTca OCTATOK MeHbIe g2 /2, KakoBo 6bl HI BBIIO ¢. DepeduciuTe BCe
qucsa, obIaIaloNIe STUM CBORCTBOM.

5. CorsacHo ycraHOBieHUsAM rocymapctia JIMDA, B omrom semmke 101 suna. Derull mobUTeNb MpeKpacHOrO PeInsl MpruobpecTH HECKOIBKO
MOPTPETOB HaYabHUIE! sarepa o n < 101 mun 3a mryky. OgHako B KapMaHe y HErO HAllUIUCh TOJBKO OFHOJIENTMKOBBIE aCCHTHAIWU, a B Kacce — 1
nuHa cnadn. JlokakuTe, 9TO HaII MIOOUTEND NPEKPACHOTO BCE e CMOKET KyNmuTh He Gosee 100 MopTpeToB, yIiIaTHB 3a HUX POBHO CTOJIBKO, CKOITBKO
OHHU CTOAT.

6. a, b, ¢, d — HaTypasbHBIE YucHa, ab = cd.

a) Jlokaxure, 9TO CyMECTBYIOT HaTypallbHBIE YHCIIA U1, U1, Uz, U2, LJIA KOTOPBIX & = UjU1, b = Ugvs, ¢ = ujug, d = v10s.

6) Hokamxure, 9ro ancio a + b + ¢ + d — cocrasHoe.

7. Hoxaxure, aro npu Beex n > 2 4ucio ¢(n) deTHo.

8. Dafiogure (2™ —1,2" —1).

9. Hoxamure, 4TO m7Ist MOGBIX HATYpAIbHbIX YuceT n u k, k < n, CF = Cs:i + 0k,
a) anrebpandecKuM CrocoboM;

6) c moMoIIBI0 KOMOHHATOPHBIX paccy KIeHHH.

Cepus 7, ckopee rpadckasi, uem He. ..

1. Jlokaxure, 4TO MPOCTOE YUCIIO HE MOMKET IBYMS PasiIMYHBIME CNOCODAaMU MPENCTABIATLCA B BUIE CYMMBI IBYX KBaIpPaTOB.

2. Hokaxmute, uro OO + CL + C2 4 ...+ CP7L 4 O = 27,

a) anrebpandecKuM CrocoboM;

6) c moMoIIBI0 KOMOHHATOPHBIX paccy KIeHHH.

3. Hokaxure, 4To ecau k — 1esoe ducso, bonbiree 1, To 3% + 1 ne Moxer memurbea Ha 2F.

4. B neperne MapThIMIKUHO ¥ KaXkIOTO MajlbuUKa BCE 3HAKOMBIE C HUM JEBOYKH 3HAKOMBI MeXIy cobol. ¥ Kakmol NEeBOYKU Cpenn ee 3HAKOMBIX
KOJINYECTBO MAJIBYMKOB OOJIBINE, YeM KONMUYECTBO NeBoYek. Jlokaxkure, uro B MapTHILIKMHO MallbuUKOB JKUBET HE MEHbBIIE, YEM IEeBOYEK.

5. B rpadcrre Jlunmup us ycaapbel KaXkIoro OXRKEHTIbBMEHA BBIXOOUT PoBHO 10 mopor K ApyruM ycaabbaM. DpH 5TOM KaXKIblH [IKEeHTIbMEH
MOZKET J0eXaTh IO AOporaM 1o moboro apyroro. OmHakabl OIHY U3 SOPOT MEPEKOIalt, U 110 Hell cTasio HeBO3MOXKHO npoexarsk. Jlokaxure, 4To mobol
IKEHTIBMEH MO-TIPEKHEMY MOXKET HAHECTH BUSUT BEKJIMBOCTU JIIOOOMY IPYTOMY.

6. Cerb mopor B rpadceree Jlunmmp ycrpoeHa Tak, 4TO U3 JOHOTO Topona MOXKHO HOOpaTbecsa OO 00Or0 APYLOro POBHO OTHUM CIIOCODOM.
Hokaxkure, 4TO €CThb TOPOI, COEIUHEHHBIH C BHEIIHUM MUPOM POBHO ONHON moporoi.

7. Hokamxure, uro ypashenne z° — 2y° — 42° = 0 ne umeer pemrenul B HENMBIX YHCIAX, OTIHYHBIX OT PElIeHHA & = Y = 7 =

8. HokaxmuTe, 4TO OJis JIOGOTO HATYpPaJIbHOTO 1 CYIIECTBYET N UAYIINX TOOPAL HaTypaJbHBIX 9MCEes, KaXkKOoe M3 KOTOPBIX NEJUTCA Ha TOYHBIH
KBaapar, Oombumuit 1.
9. Hokaxkwute, uro yucyio 222...22 (1982 LLBOI‘/’{KI/I) HEJIb3A MPENCTAaBUTh B BHUIE XY(X + Y)7 roe X u Y — Leable 4ucia.

Cepusa 8, pasHonmiepcTHAA

1. DelnTe B LENBIX YMcTax ypasHenne 1 + z 4+ a2 + 2% = 2Y.

2. DycTh n — HaTypaJlbHOe 4ucyo. JJOKaXKNTe, YTO YUCII0 YIOPANOYEHHBIX [ap HaTypalbHBIX ducedl (u, V), IJIA KOTOPBIX (U, v] = n, paBHO 9HCIY
HaTypalbHbIX OeauTencit n2.

3. Yucmao (\/13 - 1)1994 npencTaBieHo b Buge a + /13, roe a u b — nensle uncma. Jokaxure, uro a n b memarca ma 21993,

4. Ilenoe 4uciIo @ TaKoBO. YTO YMCIO 30 MpeAcTaBiserca b Bume &2 + 2y%, e & u y — lesble yucaa. JoKaxKuTe, 4TO M YHCIO @ NPENCTaBUMO B
TaKOM K€ BHIE.

5. lokaxkuTe, 4TO IpU HAaTypajibHOM m > 3 > r nenurcA Ha m + 1.

1gegm
22—zt m

6. B crpane nposesu aHKeTy, B KOTOPOH TpebOBaioch Ha3BaTh JIIOOMMOTO MUCATENA, XYIOKHHKa M KoMrosutopa. OKasalioch,u4To KaXKabiit
YIOOMAHYTHIl XOThb pas IeATeNb UCKYCCTB ABJAETCA JIOOMMBIM POBHO k mombMu. JlokaxkuTe, 94To BCEX MPOAHKETHPOBAHHBIX MOXKHO DasNeliUTh Ha
3k — 2 rpynmsl Tak, 94To B KaXkOo# rpymme Jobble IBa YeI0BEKA MMEIOT COBEPIIEHHO Pa3Hble BKYCHI.

7. Moxuo nin B tabnuue 11 X 11 paccTaBuTh HaTypalibHble 4ucia oT 1 mo 121 Tak, 4Tobbl 4Kciia, OTAMYAIOMINECA OPYT OT ApyTa Ha eIUHUILY,
pacnosyiarajiuch B KJIeTKax ¢ obuiell cTopoHol, a Bce ToYHBIE KBAAPAThl MOMAIIN B OOUH CTOJOEL?



8. B CTpaHe HECKOJIBKO TOpPOIOB. Me)K,ELy HEKOTOPBIMM M3 HHUX B OOHOM HAaIlpaBJICHUN JI€TalOT CaMOJICTHI. I/ISBeCTHO7 YTO CYIDeCTBYeT ropol,
BBIJIETCB U3 KOTOPOrO HENb3d, MepefjieTasd U3 roponaa B ropomd, nobBIBATE BO BCEX roponmax CTpaHEBI. ,D;OKa)KI/ITe, YTO 4YaCTh TOpOOOB MOXKET OTHOCIINThCA
TaK, YTO HM B OOVH W3 OTOCIUBIIUXCA IOPOOOB HEJIb3:A 6y,H,eT IIonacTh C MOMOIIBIO aBUAIIEPEICTOB HU U3 KaKOro ropona ocraplrelica yacTu.

Cepus 9, TeopeTudeckas
1. Hokaxute, uto y ¢(d) = n.
d|n
2. Hoxamure meopemy Itiaepa: ecnu (a,m) =1, To a?(m) =1 (mod m).
3. Oupeneienne. Beruersl a u b HasbBaOTCA accoyuuposarnuMmu, ecnt ab =1  (mod m).
DYyCTh p — TPOCTOE YHUCIIO.
a) Jokamure, uro ma moboro a, 1 < a € p— 1, CyIIecTByeT pOBHO ONMH acCOLUMPOBAHHBIN C 4 BBIYET.

6) Hoxkaxure, uro ecim #2 =1 (mod p), To z = 1 (mod p).
B) Teopema Bunscona (E. Waring, Meditationes algebraicae, 1770). Hokaxure, aro (p — 1)! = -1 (mod p).
r) Hokaxure, 4o ecan mia m > 1 umeer mecro cpasHerne (m — 1)' = —1 (mod m), To m — npoctoe.

4. a — nemoe uncno, (a,561) = 1. Hoxaxure, uto a®®® =1 (mod 561).

5. DarypambHoe 4HCIIO a He Aenntca Ha 17. Iokamure, uro a® + 1 unn a® — 1 mesmrca wa 17. (Depebupars octarkn sampermaerca! )
6. Hokaxure, 4To

a) JroGBle IBe BEPIIMHBI IEPEBa COENUHEHBl POBHO ONHUM IPOCTHIM IIyTeM;

6) rpad, B KOTOPOM J00ble [[BE BEPIIMHBI COENUHEHBI POBHO ONHHUM IIPOCTBIM IIyTEM, — JEPEBO.

7. a) Hokaxure, 4T0 B IepeBe C N BepLIMHaMU POBHO i — 1 pebpo.

6) Hokamxure, 9ro casHbL rpad ¢ n BepmuHamMu 1 1 — 1 pebpoM — mepeso.

8. DarypaibHOE YNCIIO OeNUTCA Ha 2 U Ha 9.

a) d(n) = 14. JlokaXKuTe, 9TO CyIMIECTBYET €NUHCTBEHHOE TaKOE 7.

6) d(n) = 15. lokaxure, 9TO CyMIECTBYeT MHOIO TaKuX 1, U Hafimure mx.

B) d(n)

17. lokaxure, 4TO TaKUX 1 HE CYUECTBYET.

Cepus 10, c BeKTopamMu.
1. M, N, P, Q — cepenunnl ctopod AB, BC, CD u DFE Beinykioro naruyronbinka ABCDE; F — cepenuna M P, G — cepenuna N@Q. Hokaxure,
uto orpesok F'G napamnenen orpesky AE un umeer BYeTBEpO MEHBIIYIO IJIMHY,
a) C IOMOIIBIO BEKTOPOB,
6) 6e3 MOMOIIK BEKTOPOB.

2. a) AM — mennana tpeyronsuuka ABC. Ilokaxure, aro m = m

6) ,D;OKa)KI/ITe C MMOMOMIBIO BEKTOPOB, YTO MeOWaHbl TPEYTrOJIBHUKA MMePpeCceKatoTCA B onuoit Touke.

—

3. Jlokaxkure, 9TO CyMMa BEKTOPOB, HAYIIUX M3 MEHTPa MPAaBUIILHOTO N-YrOJBHUKA B €r0 BEepIIUHBI, paBHa 0 .
1111111111 1 1

4. Da mocke samucaHbl APOBU T, 5, 514,51 51 705257167 117 15°

a) Moxuo nu nepen kaxmol us stux apobelt mocraBuTh 3HAK “+7 nam -7

Tak, 9TOOBI UX CyMMa PaBHAIACH HYJIIO?
6) Ecnu mer, To Kakoe HanMeHbIIee KOIMIECTBO 5TUX Apobell Halo CTepeTh, YTOGBI, IOCTABHUB IEPE] OCTABIIUMUCA ApobaMu sHakn “+” mmm “-”
MOYKHO OBIIIO TIOIY9YUTh B CyMMe HYJIb?

5. DemmTe B HATYpanmbHBIX uncrax ypasHenne n? + (n +1)2 =m! + (m + 1)%

6. Manpaku Baca u Ders (Baca nadunnaer) mo opmHoll mepepesator BepeBoukH BoueliGonbHON ceTkn, MMeromel BHI NpAMOYTONBHHKA M X 7.
Manbsak, mocie xofa KOTOPOTO CeTKa PachafaeTcaA Ha KyCKH, CTPAIIHO OropYaeTcdA U MPOUTPBIBaeT. KTO M3 MaHbAKOB BBIUTPAeT TIPH MPaBHITBLHOMN
urpe?

7. B rpadcre Jlunmmp HEKOTOpBIE NKEHTIIBMEHBI 3HAKOMBI IpyT ¢ ApyroM. OnHaKo HUKaKue [Ba IKEHTIIbMEHa, Y KOTOPBIX MOPOBHY 3HaKOMBIX,
obIUMX 3HAKOMBIX He HUMeIoT. [{oKaKuTe, 9TO €CTh AKEHTIIBMEH, Y KOTOPOTO POBHO OIMH 3HAKOMBIH.

8. B rpadcree Jlunmup Mexny ycansGamu mobbix nsyx 13 100 IZKEHTIBMEHOB HMeeTCA HGO0 BOJHOE COOOIIEHNE (Ha JIONOUKE ), nbO CyXOILyTHOE
(kaperolt). De mckmovarorca oba BapraHTa. JlOKakKHTe, ITO MOXKHO YIPa3HHATH OOUH U3 BHIOB TPaHCIOPTa Tak, YTOOBI U3 m0bol ycansObl MOXKHO
6BI7I0 IIpoeXaTh B OO0 IPYTYIO (BOSMOIKHO, C IEPECAIKaMM ).

Cepus 11, noaesuas
1. Hokaxure GopMyIly IJis MJOMAIN TPEeyrobHUKa: S = %ab sin~y.
2. HokaxkuTe TeOpEeMyY CHHYCOB: B TpeyroiibHuKe a = 2Rsin a.
3. HokaxwuTe, 4T0 CyMMa KBaJpaToB IUaroHajell mapaJsenorpaMMa paBHa CyMMe KBaIpPaTOB €ro CTOPOH.
4 T+ Tud -1 IepIeHMK yIApHEL, To | | = |?|
5. B rpadcre D6anmantimmp MoxHO 6b1510 nobparbea us goboro ropofa B mtoboft npyroft, Ho, BoaMoxHO, bosiee yem omHUM criocoboM. Hokaxure,
uyro M-p Ckpynx, Hobbill Havambuuk AW rpadcria u nsBecTHBIR HOpel 3a »KOHOMUIO, MOYKET 3aKPbITh HECKOJIBKO HOPOr Tak, 4Tobbl jtodble IBa
ropofia OKasajliCh COeNMHEHBl ENUHCTBEHHBIM MapIIPYTOM.
6. Hokaxute, uro npu 0 < k < p Cg LEZNTCA Ha p, a) anrebpandecknM, 6) KOMOUHATOPHBIM CIIOCOGOM.
7. JoKaxuTe dopmyay cmenenu burnoma, N3SBECTHYIO TakKe Tof HasBaHmeM “6uxoM Dbtotona’: (a +b)" = Cla™ + Cla"~1b + C2a" =202 + ... +
Cn=2g2pn=2 4 Cn=1gh"~1 4 Cb", a) anrebpamueckum, 6) KOMOUHATOPHBIM CTIOCOBOM.
8. Bmas, uro 13717421 = 761% 4+ 7- 13702 = 4392 4+ 7. 13902, pasmoxute 13717421 Ha MHOKHTEIH.
Cepus 12, CTUMYJHPYIOIIASA

. Hokaxure, 4To ecnyu BEKTOPBI

[abel®  _ _ (ab0)?
[a,8][6,¢c]le,a] — (@,5)(B,e)(e,a)
2. Ilokamxure, 9T0 TIpH JT1060M HATypalbHOM n /1 < ZEZ; < %n.

1. Hokaxure, 4T0O

3. DarypasbHble YMCTA T, Y, 2 YIOBIETBOPHAIOT ypabHenuto 2 + y2 = 22, Jlokaxure, 4ro
a) zyz pmenutrca Ha 60;
6) ecnu (z,y, 2) — npumumusnoe pewenue (T.e. (z,y,z) = 1), TO LA HEKOTOPBIX HaTypalbHBIX U M U pasHoil werHocTH, u > v, (u,v) = 1, mubo
z=u?—v%y=2w,z =u?+ % mubo & = 2uv,y = u® —v?,z = u® 4+

4. Jlokaxure, 9TO Ha OKPYZKHOCTH C LeHTpoM B Touke (0;0) 1 pagmycom 57/213"/2 pu n106BIX HATYPANBHBEIX M U 1 HAROETca TOUKA C HEebIME
KOOPIMHATAMU.

5. ViMeeTca HEKOTOpOE YHCIIO KapTOYeK. Da KaKIol M3 HUX HamucaHO HaTypalibHoe uncio. s xaxnmoro n, He npesocxopsmero 2006, uMmeercs
POBHO 7 KapTO4eK, Ha KOTOPBIX HAIMMCAHbI YUCIIa, ABJIAOIINECH HEJIUTEIIAME 7.

a) Toxaxure, yro wncio 210 = 1024 nanucano xora 6bl Ha OgHON KapTodke.

6) Hokamxure, aro moboe ancso n < 2006 sanucano xoTa Ol Ha ofHOll KapToUKe.

6. IlokaxkuTe, 4TO AJid PA3IUNYHBIX HaTypPaJIbHBIX M U 7 (22m +1, 22" 4 1) =1.

7. Dafinure naubonpliee HaTypaIbHOE N, KOTOPOE IPH eTleHNN Ha mobolt Tounblil kBanpat, nexamuit B TpoMexRyTKe OT 2 o T, MaeT HedeTHbIH
OCTATOK.

8. Dycrb (a,b) =d, (a,b') = d'. Hokaxure, uro (aa’, ab’, ba’,bb') = dd'.



Cepus 13, ynpaxxHeHus K JUKGe3y u IpyTrue 3aIaqu.

1. PDafimure 1+ 24+ 22 +... 4+ 2, ecrm 2z = —%— ﬁzéz

2. Jokaxure, 94T0 € ABIAACTCA MEPBOOOOPA3SHBIM KOPHEM n-HOM CTENEHH W3 eIVHUIBI TOT[a M TOJBKO TOTa, KOTAa BCe OCTalIbHBbIe KOPHH n-HOH
CTETEHN W3 €NUHUIBI ABIATCA €T0 CTEMEeHAMH.

3. Dalimure cymMmy k-Thix crerneHell KopHell n-HOW cTerneHH M3 eNMHUIIBL.

4. a) Jlokaxwure, 9TO IpH IPOCTOM p BBINOJIHEHO cpaBHeHUe (a + b)P = aP + bP  (mod p).

6) Hokaxure maayro meopemy Pepma: Ipu IpocToM p BhlNoJNHEHO cpapHeHne n’ =n  (mod p).

5. Jlokaxure, 9TO MPOU3BENEHNE N MOCIIENOBATEBHBIX HATYPAIILHBIX YHUCEN NMeNUTCA Ha nl,

a) KOMOMHATOPHBIM IIyTeM;

6) paccMaTpUBad pasiIoKEHHe Ha MHOIKHTEJH.

6. B crpane 120 roponoB. DeKoTOpbIe Mapbl TOPOIOB COEIMHEHBI AOPOTaMHU, He TPOXONANIUMY Yepes ApyTrHue ropona. M3 Kaxkmoro ropofa BRIXOIHUT
xoTa 6b1 Tpu moporu. [lokaxuTe, 4TO CyMIECTBYET HecaMoIepecek aomuiica MuKandeckuil MapmpyT, cocToamuil He Gosee, 9em s 11 ropomos.

7. Da NI0CKOCTH JaHO HECKOJIBKO TOYEK. ,HHH HEKOTOPEBIX ITap fl7 B »Tux TO4eK B3ATHI BEKTOPDBI Ai;, IIpu4YeM TakK, 4TO B Kaxnolt Touke HaUMHAETCA

o —
CTOJIBKO K& BEKTOPOB, CKOJIBKO B HEW 3aKaH4YUBaeTCHA. ,D;OKa)KI/ITe, 4YTO CyMMa BCeX BbI6paHHbIX BEKTOPOB paBHa 0.
8. Da nmockoctu naHo 2n BEKTOPOB, BEOYIIUX U3 LEHTPa MPaBUIIBHOTO 27’L—yI‘OJ’IbHI/IKa B €ro BEPIIUHBI. CKOJIBKO U3 HUX HYZXKHO B34ATb, 4TOBRI UX
CyMMa UMeJla MaKCUMaJIbHY O ,ELJ'II/IHy?

o —
9. U3 kaxmolt us BeplMH Hapasiie/lorpaMMa MPOBENEHbl BEKTOPLI B CEPENUHBI BCEX ero cTopoH. Jokaxure, 4To ux cymma pasia 0 .
P. S. B sanaue No4 perenus, ucnosbsyolye NOIHYO UM MPUBENEHHYIO CUCTEMY BBIYETOB, HE TPUHUMAIOTCH.
Cepusa 14. MaccoBblif Teppop.
1. 2+ % = 1. Dalinure 2" + ZL" MpH BCEX HATYPAIbHBIX 7.
SaaB, B
2. Dpamasa (B;By) nepeceraer orpesox AC B rouke B. Jlokaxure, 4r0 ooooiot = %.
ACB; By
3. a) B Bepmmnax A, B, C, D napannenorpamma ABCD noMeleHsl COOTBETCTBEHHO MacCHL P, ¢, P; ¢. JOKaXKNTe, Y4TO LEHTPOM STHX Macc
CIIyKUT LEHTD MapaliiIeJIOrPaMMa.
6) B Bepmmnax napasmnenorpamva ABCD pacnonokeHBl TakHe MacChl M4, MpB, M, Mp, 9TO LEHTD NOJIYYarOlIUXCA YeThIPEX MalepHaIlbHbIX

TOYEK COBIIagacT C LEHTPOM MapaJtlyiesIorpaMMa. ,D;OKa)KI/ITe, UTOo M4 = Mc, MB = Mp.

o - AK _ AB AC
4. (Teopema Ban-O6ena). Hesnanst AA;, BB, u CCq tpeyronsunka ABC nepecekatrorca B onnolt Touke K. Ilokaxkure, 4ro AT = BT S

a) paccMOTpeHHeM Ilomaneil, 6) ¢ moMombio Macc.
5. Ay, As, As, A4, As, Ag — cepequHBI CTOPOH IIECTHYTOJIbHUKA (B NopAnKe obxona). JlokakKuTe, 4TO TOUKHN MEpecedeHNA MENMaH TPEyTONIBHIKOB
A1A3As m Ay Ay Ag coBIIamarorT.

6. Buyrpu Tpeyronbuuka ABC Bhibpana npoussonbHas Touka (. Hokaxkure, 4To CripaBemJinBO PaBEHCTBO So4p O? +SoBc ﬁ +Soca @ =

9DycTb NaHa HEKOTOpad IIEpeCTaHOBKa HATypallbHBIX duced 1, 2, ..., n. Dapa (He obA3aTENBHO CTOAMNX PANOM) IHCEN { M j 2TOH IepecTaHOBKH
obpasyer unsepcuio, eciiu ¢ < j U j CTOUT CJI€BA OT %.

D epecTaHOBKa JIIOOBIX NBYX M3 TaKUX YHCEIl Ha3bIBAETCA MPancnosuyued.

B ecrecrrennoll paccranoske 1 2 ...n ynciio wHBepcuil paBHO HyJ0; B obparHofi nm —1...2 1 — n(nz—_l)

7. (Teopema 06 nnpepcusnx). Hokaxkure, 9To mobas TPAHCIOSHLUA MEHAET I€THOCTD YHCIIa HHBEPCHIL.

8. DarypasibHble Y4nCHa a, b U ¢ TaKOBBI, 9TO % = c. WsBecTtHO Takke, 4TO Wncna a, b m ¢ He WMEIOT OOMIETO IJIA HUX BCEX HATYDPAJBbHOTO
nequrend, Gonbmero 1. lokawxure, uro a — b ecTb TouHBIH KBampar.

9. a, b 1 n — GuKcHpoBaHHBIE HaTypaJlbHBIE YHCia. VI3BecTHO, 4TO mpu Mmoo HarypansHoM k (k # b) dncio a — k™ nenmrca Ges ocrarka Ha
yucsio b — k. Hokaxure, o a = b".

Cepus 15: Tenepb enie ¥ MHOTOUYJIEHBI.

1. a) Jokamure, uro ecm o — Kopenb MHorowteHa f(z) mod p, (to ects f(a) =0 (mod p)), To f(=
MHOrowIeHa ¢(z) ¢ menbiMu KoadduireHTaMu.

6) Hokaxure, 9TO €CNM a1, &2, ..., Qx — KOpHH MHorowleHa f(#) mod p, 1o f(#) = (z — a1)(z — a2)...(
MHOrowIeHa ¢(z) ¢ menbiMu KoadduireHTaMu.

B) JlokaXKuTe, 9TO MHOTOWIEH CTeleHH 1 > 0 MOZKET HMeTb He Goslee n KopHell modp.

r) Hokamure, uto 2?1 =1 = (2 - 1)(z = 2)...(x = (p— 1)) (mod p).

1) Beieenure us yreepxnenns n.r) reopemy Bumbcona.

2. Dalimure kooddumments npu 217 u ' nocne packpbiTua ckoBok U TpUBENEHUA NONOBHBIX 4eHOB B Bhipaxkenun (27 + &5 + 1)2°.

3. ¥ xaxoro us muorounenos (1 + 2% — )10 y (1 — 2% + 23)10% Gonpmmit kosddbunment npu z2°7

4. a) p Todek (p — HpocToe) pasbHBAOT OKPYKHOCTE Ha p PABHBIX IyT. JTH TOYKH OKPAlIMBalOTCA B i UBeToB. CKOIBKO CYMIECTBYET CYMIECTBEHHO
Pa3JIMYHBIX PACKPacoK (CyIIECTBEHHO DasiIMYHBIME MBI CIMTaeM pPacKpackH, He NEPEXOLALINE OPYT B ApyTa IIPH IIOBOPOTaX OKPYKHOCTH)?

6) Beisenure us pesynbrara m.a) Manyo Teopemy Pepma.

5. (Ox. Yesa, 1678). Da croponax BC, AC' u AB rpeyronsuuka ABC Bsarsl toukn A, By u €y coorsercrrenno. Jokaxure, 410

a) ecoin npametle AA;, BBy u CC nepecekatorca B opHoil Touke, 10 AB; - BCy - CA; = AC, - OBy - BA;.

6) eciim AB; - BCy - CA; = AC, - CBy - BA;, o npamele AA;, BBy u C'Cy nepecekatorcs B onHOH Touke.

—a)g(z) (modp) nna mekoToporo

— ag)g(z) (mod p) mna HekoTOpOrO



